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Abstract 

The Heisenberg algebra is first deformed with the set of parameters 
{q, I, A} to generate a new family of generalized coherent states. The 
matrix elements of relevant operators are exactly computed. A proof on 
sub-Poissonian character of the statistics of the main deformed states is 
provided. This property is used to determine a generalized metric. A uni- 
fied method of calculating structure functions from commutation relations 
of deformed single-mode oscillator algebras is then presented. A natural 
approach to building coherent states associated to deformed algebras is de- 
duced. Known deformed algebras are given as illustration. 

Futhermore, we generalize a class of two-parameter deformed Heisen- 
berg algebras related to meromorphic functions, called Tl{p,q) -deformed 
algebra. Relevant families of coherent states maps are probed and their 
corresponding hypergeometric series are computed. The latter generalizes 
known hypergeometric series and gives a generalization of the binomial the- 
orem. We provide new noncommutative algebras and show that the involved 
notions of differentiation and integration generalize the usual q- and (p, g)- 
differentiation and integration. A Hopf algebra structure compatible with 
the TZ{p, g)-algebra is deduced. 

Besides, we succeed in giving a new characterization of Rogers- Szego 
polynomials, called TZ{p,q)- deformed Rogers- Szego polynomials. Continu- 
ous lZ{p,q)- deformed Hermite polynomials and their recursion relation are 
also deduced. Novel algebraic relations are provided and discussed. 

The whole formalism is performed in a unified way, generalizing known 
relevant results which are straightforwardly derived as particular cases. 



1 Introduction 

Much attention has been paid to the study of quantum algebras (or groups) 
in their both physical and mathematical aspects, motivated by the passage from 
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classical physical systems to quantum systems. Recall that the classical and quan- 
tum mechanics share two basic concepts of states and observables. Indeed, in 
classical mechanics, states are generally points of a symplectic manifold M, and 
observables are real- valued functions on it. Of course they may be regarded as be- 
longing to the space J-'{M) of different iable complex-valued functions on M, but 
the outcomes of classical measurements are real. In quantum mechanics, states 
are one-dimensional subspaces of a complex Hilbert space "H, and observables are 
self-adjoint linear operators on "H, with real spectrum. The connection between 
classical and quantum mechanics is well made in the language of observables. In 
both classical and quantum mechanics, the observables form an associative alge- 
bra, which is commutative under the pointwise multiplication in the classical case 
and noncommutative under the composition of linear operator in the quantum 
case. Moreover, the time evolution for the classical system is expressed by the 
equation 

= {H^, f} {xm feT{M), (1) 

where is the classical Hamiltonian and x{t) G M is the state of the system at 
time t, while for the quantum system the time evolution of an operator A is given 
by 

where Hq is some operator called quantum Hamiltonian. 

Hence, the quantization or the passage from classical to quantum mechanics is 
somewhat like replacing a Poisson algebra by a Lie algebra. 

The illustrative example is given by a particle moving along the real line. In 
the classical case, the manifold M is the cotangent bundle T*(M), and if q is the 
coordinate on M (position) and p the coordinate in the fiber direction (momentum), 
the Poisson bracket is 

ft -ft f^-f^-C-im. (3) 

In particular, the Poisson bracket of coordinate functions is 

{g, p} = 1. (4) 

In quantum case, the Hilbert space H is the space L^(M) of square integrable func- 
tion of q, and operators are combinations of the operators q and p whose actions 
correspond to the multiplication by q and the derivative —ih-^, respectively. So, 

[g, p] = thl- [g, 1] = 0; [p, 1] = (5) 
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where [A, B] = AB — BA, h is the Planck's constant and 1 the identity operator. 
Given physical parameters m and u carrying physical dimensions, it is possible to 
present, in an equivalent way, the same algebra in terms of the following combi- 
nations: 

q = ^/h/2mLo {b + b^) , p= -i^/{mhio/2){b - b^) (6) 

where b and b^ are called annihilation and creation operators of the harmonic 
oscillator obeying 

[b,b^] = l; [b,l] = 0; [b^,l]=0. (7) 

The algebra generated by {q, p, 1} or {b, b'^ , 1} satisfying ([5]) or ([7]) is called 
Weyl-Heisenberg algebra. 

From ([7]), one defines the operator := b'^b, also called number operator, with 
the properties: 

[iV, b] = -b- [iV, 6t] = 5t; [AT, 1] = 0. (8) 

Let J-" be a Fock space and {|ra)|?7. G N U {0}} be its orthonormal basis. The 
actions of 6, and N on are given by 

b\n) = \/n\n — 1) , b'^\n) = \/n + l\n + 1) and N\n) = n\n) (9) 

where {|0)} is a normalized vacuum: &|0) = 0, (0|0) = 1. 
From ()9]) the states {|r2)} for n > 1 are built as follows: 

\n) = -^{b^m 

satisfying the orthogonality and completeness conditions: 

oo 

(n|m) = 6n,m and |^)('^| = 1- (H) 

n=0 

Thus, the Hilbert "H space is the Fock space J-" and the operators are elements 
of the algebra generated by {b, W , 1} with the relations ([Zj)-®. This algebra, 
also called the Fock algebra or quantum oscillator algebra, successfully describes 
physical phenomena (widely spread in nonrelativistic quantum mechanics) but 
unfortunately fails in solving some important problems (like divergences in field 
theories, physics under the Planck scale, symmetry breaking, etc.) 

Generalization of canonical commutation relations ([5]) or ([7j) was suggested 
long before the discovery of quantum groups, by Heisenberg to achieve the reg- 
ularization for (nonrenormalizable) nonlinear spinor field theory. The issue was 
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consi-dered as small additions to the canonical commutations relations [271 1104] . 
Snyder, investigating the infrared catastrophe of soft photons in the Compton scat- 
tering, raised this issue and built a noncommutative Lorentz invariant space-time 
where the non-commutativity of space operators is proportional to non-linear com- 
binations of phase space operators [lUlj . Further modifications of the oscillator 
algebra and their possible physical interpretations as spectrum generating algebras 
of non standard statistics have been made since the earlier work of Snyder. As 
matter of citation, let us mention the g-oscillator algebras by Coon and coworkers 
[7| llllj . Kuryshkin [78], Jannussis and collaborators [59 | 160 } [6T | [62]. 

With the development of quantum groups, new aspects of g-oscillators have 
been identified [121 1231 EHl 11031 1107] as a tool for providing a boson realization 
of quantum algebra suq{2) using a g-analogue of the harmonic oscillator and the 
Jordan-Schwinger mapping, and then generalizations in view of unifying or ex- 
tending different existing g-deformed algebras were elaborated [131 [191 1331 EZ] . 

Quantum groups made their first appearance in the mathematical physics lit- 
erature in connection with the quantum inverse scattering method, a technique 
for studying integrable quantum systems [331 1311 EEl 11061 1108] . It was shown in 
Ref. [77] that the quantum linear problem of the quantum sine-Gordon equation is 
associated with the deformation of the Lie algebra s/2 unlike the classical problem 
which is associated with SI2 itself. Later Sklyanin [HH] showed that deformations of 
Lie algebraic structures were not bound to this particular equation but they were 
a part of a more general theory. 

In the second half of 1980's, Drinfel'd realized that the algebraic structure 
associated to quantum inverse scattering method can be reproduced by suitable 
algebraic quantization of the Poisson Lie algebras [291 [30] . Jimbo obtained inde- 
pendently the same result using the representation theory of the corresponding 
algebra [531 IHl]- In fact, they discovered that quantum groups are dual cate- 
gory of Hopf algebras which are neither commutative nor co-commutative [30] [M]. 
Notice that most of the well studied concrete examples of quantum groups are 
deformations of the universal enveloping algebra of the semi-simple Lie algebras 

[2Sl[3Dl[3Sl[Ml[S71[731[771[nSl[nS]. 

Despite all useful properties and applications motivated by various one-pa- 
rameter deformed algebras, the multi-parameter deformations aroused much in- 
terest because of their flexibility when dealing with concrete physical models 
[a[20l[ai[22l[2a[38l[39l[l5l[5ll[52l[53]. 

Coherent states have practically followed the same trend as the quantum alge- 
bras. They were invented by Schrodinger in 1926 in the context of the quantum 
harmonic oscillator. They were defined as minimum-uncertainty states that exhibit 
classical behavior [97] . 

In 1963, coherent states were simultaneous rediscovered by Glauber [HI [19], 



4 



Klauder [691 EO] and Sudarshan [102] in quantum optics of coherent light beams 
emitted by lasers. The following definition summarizes the concept of Schrodinger- 
Glauber-Klauder-Sudarshan coherent states: 

Definition 1.1 Coherent states (CS) are normalized states \z) G "H satisfying one 
of the following three equivalent conditions: 

(i) they saturate the Heisenberg inequality 

mm > ^, (12) 

where {AXf := {z\X^ - {Xf\z) with (X) := {z\X\z); 
(a) they are eigenvectors of the annihilation operator, with eigenvalue z eC: 

b\z)=z\z); (13) 



(Hi) they are obtained from the ground state |0) of the harmonic oscillator by a 
unitary action of the Weyl-Heisenberg group: 



^) = e^^'-^"*|0). (14) 



The important feature of these coherent states resides in the partition (resolution) 
of identity: 

/^|.)(.| = l. (15) 

where we have put [d'^z] = d{Rez)d{Imz) for simplicity. 

Since there, CS became very popular objects in mathematics (specially in func- 
tional analysis, group theory and representations, geometric quantization, etc.), 
and in nearly all branches of quantum physics (nuclear, atomic and solid state 
physics, statistical mechanics, quantum electrodynamics, path integral, quantum 
field theory, etc.). For more information we refer the reader to the references 
H [721 EH [112]. 

The vast field covered by coherent states motivated their generalizations to 
other families of states deducible from noncanonical operators and satisfying not 
necessarily all above mentioned properties. 

The first class of generalizations, based on the equivalent conditions given in 
definition 11.11 include: 

a) The approach by Barut and Girardello [10] considering coherent states as eigen- 
states of the annihilation operator. This approach was unsuccessful because of its 
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drawbacks from both mathematical and physics point of view as detailed in |171[89]. 

b) The approach based on the minimum-uncertainty states, i.e. essentially on the 
original motivation of Schrodinger in his construction of wavepackets which fol- 
low the motion of a classical particle while retaining their shapes. This was the 
basis for building the intelligent coherent states for various dynamical systems 
[3 El EH ESI ES|- Nevertheless, as has been emphasized by Zhang et al |112] . such 
a generalization has several limitations. 

c) The approach related to the unitary representation of the group generated by 
the creation and annihilation operators. In two papers by Klauder [69| [70] de- 
voted to a set of continuous states, one finds the basic ideas of coherent states 
construction for arbitrary Lie groups, which have been exploited by Gilmore 
and Perelomov [89| 190] to formulate a general and complete formalism of build- 
ing coherent states for Heisenberg groups with various properties similar to those 
of the harmonic oscillator. The key result of this development was the intimate 
connection of the coherent states with the dynamical group of a given physical 
system. 

Two other generalizations complete this first class of generalizations: (z) the 
covariant coherent states introduced in Ref. [1], considered as a generalization 
of Gilmore-Perelomov formalism in the sense that the CS are built from more 
general groups (homogeneous spaces), and {ii) the nonlinear coherent states related 
to nonlinear algebras. Even though nonlinear coherent states have been used to 
analyze some quantum mechanical systems as the motion of a trapped ion [65|[8T]. 
they are not merely mathematical objects. They were defined as right eigenstates 
of a generalized annihilation operator [801 EI] • 

The second class of generalizations is essentially based on the overcompleteness 
property of coherent states. This property was the raison d'etre of the mathemat- 
ically oriented construction of generalized coherent states by Ali et a/ [21 H] or of 
the ones with physical orientations [^ HH [71]. The construction of generalized 
CS corresponds to the problem of finding a map from a row set X, equiped with 
a measure fi{dx), to a (projective) Hilbert space of quantum states "H (a closed 
subspace of L^(X, /i)), x (-)■ |a;), defining a family of states {\x)}x£x obeying the 
following two conditions: 

(1) Normalization: {x\x) = 1; 

(2) Resolution of the unit in %: 



where v{dx) is another measure on X, usually absolutely continuous with 
respect to fi{dx). This means that there exists a positive measurable function 
h{x) such that v{dx) = h{x)fi{dx) [13]. 




(16) 
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Numerous publications continue to appear using this property, see for example 
[28| l53| [SH [92] and references therein. The overcompleteness property is the most 
important criteria to be satisfied by CS as required by Klauder's criteria [7T] . 

Let us also mention the generalization performed through the so-called coherent 
state map, elaborated by Odzijewicz [ST] in 1998. It is now known that the coherent 
state map may be used as a tool for the geometric quantization a la Kostant- 
Souriau [821 |87]. See the works by Kirillov [68] and Kostant [75] for details on 
geometric quantization. Further generalization of the latter approach is performed 
in the framework of this thesis. 

More recently, Horzela and Szafraniec [5U] have introduced the measure-free 
approach of building CS, requiring two main objects: 

(!') a separable Hilbert space "H with a fixed orthonormal basis {e„}^^Q, d + 1 = 
dirnH] 

(2') a sequence {(f>n}t=o of complex valued functions on X satisfying 

d 

^|0(x)p<oo xeX (17) 

n=0 

and 

d 

{an}n=o a„(/)„(x) = for all x imply that all a„ 's are 0. (18) 

n=0 

The formula 

d 

K{x,y) ■.= J2My)U^ (19) 

n=0 

is regarded as the definition of the reproducing kernel. Therefore, if K{x,x) ^ 0, 
X E X, then the prospective CS may be defined at x by 

d 

\x) ■.= ^K{x,x)-^(l)nix)en. (20) 

n=0 

Hence, 

{x\y) = {K{x, x)K{y, y))--^K{x, y) (21) 

which means that the states are not normalized. To evoid any further renor- 
malization, the authors of [50] assumed that K{x,x) = 1, x G X that leads to the 
normalized CS 

d 

a :=J]0^e„. (22) 

n=0 
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This work is organized as follows. In Section [21 the Heisenberg algebra is 
deformed with the set of parameters {q, I, A} and the structure function is de- 
duced. The spectrum of the associated deformed oscillator is computed. Then, 
we built the associated deformed coherent states using the Klauder approach and 
investigate the quantum statistics and geometry of the deformed coherent states. 

Section [3] is devoted to the unification of deformed single-mode oscillator alge- 
bras. We give a method of computing the so-called structure function which is the 
basis of coherent states construction related to a given algebra. We analyse known 
deformed oscillator algebras and compute corresponding structure functions and 
give coherent states satisfying the Klauder criteria. 

Section H] generalizes a class of two-parameter deformed Heisenberg algebras 
related to meromorphic functionsRelevant families of coherent states maps are 
probed and their corresponding hypergeometric series are computed. Moreover, 
an Tl{p, g)-binomial theorem, generalizing the {p, g)-binomial theorem given in 
[FT] is deduced. This chapter provides the definitions of the TZ{p, g)-trigonometric, 
hyperbolic and {p, g)-Bessel functions, including their main relevant properties. 
The framework developed in this chapter can be considered as a reverse of the 
previous one. 

In Section[5]we build a framework for TZ{p, g)-deformed calculus, which provides 
a method of the computation for a deformed TZ{p, g)-derivative, generalizing known 
deformed derivatives of analytic functions defined on a complex disc as particular 
cases corresponding to conveniently chosen meromorphic functions. We introduce 
a new algebra generated by four quantities provided some conditions are satisfied 
and define the 7l{p, g)— differential calculus yielding the 7l{p, g)— integration. Also 
a construction of Hopf algebra structure is given in Subsection l5.3[ while in Subsec- 
tion 15.41 we show that some particular cases can be deduced from the constructed 
general formalism. 

Section [6] addresses a new characterization of 7^(p, g)-deformed Rogers-Szego 
polynomials by providing their three-term recursion relations and the associated 
quantum algebra built with corresponding creation and annihilation operators. 
The whole construction is performed in a unified way, generalizing all known rel- 
evant results which are straightforwardly derived as particular cases. Continu- 
ous TZ{p, g)— deformed Hermite polynomials and their reccursion relations are also 
deduced. Novel relations are provided and discussed. Finally, there follow the 
concluding remarks. 
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2 The [q] /, A)-deformed Heisenberg algebra: co- 
herent states, their statistics and geometry 



The Heisenberg algebra is deformed with the set of parameters {q, I, A} to 
generate a new family of generalized coherent states respecting the Klauder cri- 
teria. In this framework, the matrix elements of relevant operators are exactly 
computed. Then, a proof on the sub-Poissonian character of the statistics of the 
main deformed states is provided. This property is used to determine the induced 
generalized metric. 

2.1 (g'; /, A)-deformed Heisenberg algebra 

Consider now the following (g; /, A)-deformed Heisenberg algebra [H] generated 
by operators A^, a, satisfying 

[iV, a] = -a, [A^, a^] = a\ (23) 

with the operator products 

aat _ a^a = l^q-^+^-\ (24) 
where / and A are real numbers with / ^ 0. 

One can readily check that the commutator [., .] of operators is antisymmetric 
and satisfies the Jacobi identity conferring a Lie algebra structure to the {q; I, A)- 
deformed Heisenberg algebra. This algebra plays an important role in mathemat- 
ical sciences in general, and, in particular, in mathematical physics. In a notable 
work [66], similar associative algebra has been investigated by Kalnins et al under 
the form: 

[H, E+] = E+ [H, E„] = -E^ 

[E+, E^] = [S, E±] = 0= [S, H], (25) 

where g is a real number such that < g < 1. These authors showed that the 
elements C = qq~^S + {q — 1)E^E_ and S lie in the center of this algebra. It 
admits a class of irreducible representations for C = l^I and £ = t^q^'^I . 

The (g; /, A)-deformed Heisenberg algebra ( 123|) is a generalized algebra in the 
sense that it can generate a series of existing algebras as particular cases. For 
instance, even the generalization of the Quesne-algebra performed in El] can 
be deduced from (125]) by setting / = 1 and A = 0. 

In the sequel, we consider the Fock space of the Bose oscillator constructed as 
follows. From the vacuum vector |0) defined by a|0) = 0, the normalized vectors 
\n) for n > 1, i.e. eigenvectors of the operator A^, are obtained as \n) = C„(a'^)'"|0), 
where Cr, stands for some normalization constant to be determined. 
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Proposition 2.1 The structure function of the {q; I, X)-deformed Heisenberg alge- 
bra ( 123|) — (124|) is given by 

^in)=lV—^ = lV--[n]„ g>0, (26) 

where [n]q = ^j^, with < q < 1 or 1 < q, is the qn— factors (also known as 
q- deformed numbers in Physics literature fj^ ). 

Proof: From the definition ([H5]), a^a = ip{N) and aa^ = ip{N + 1). Tlius, ([MD is 
written as 

ip{N + l)-ip{N) = l\-^^^-\ 
Applying this relation to the vectors |n), we obtain the recursion relation 

ip{n + 1) - ip{n) = Vn G N 

from which we deduce 



(p{n) = ip{0) + 



q-1 

Since, in particular, ip{N)\0) = a^a\0) = implies V9(0)|0) = 0, we have ip{0) = 0. 
Then f l26p follows. The structure function is also a strictly increasing function for 
X G M since 

, = rq^ ^ — > 0, for g > 0. 

dx Q' — 1 

Since ^p{0) = 0, it follows that ip{x) > for any real x > and in particular 
ip{n) > 0, Vn > 0. □ 

Proposition 2.2 The orthonormalized basis of the Fock space T is given by 

7i(ra+l)/4 

\n) = , , , (at)"|0), n = 0, 1, 2, ... (27) 

where [0]g\ := 1 anc? [n]q\ := — 

Moreover, the action of the operators a, a"^ , N , a^a and aa^ on the vectors \n) for 
n > 1 are given by 

a\n) = y^/V~"Mgl^ - 1), (28) 

at|n) = ^/V^'M"- + + 1), (29) 

N\n)=n\n), (30) 

a^a\n) = Pq^~''[n]q\n), (31) 

aaV) = l\^""^[n + l]g|n). (32) 
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Proof: To determine the constant of normalization C„, we set 



1 =: {n\n) = |C„|^(0|a"(at)"iO) = |C„|V(n)<^(n - 1)...<^(1)(0|0) 



leading to C„ 



g ( + )/ ^^ Replacinff by its value in the definition of In) given 

above yields (127|) . The orthogonality of the vectors \n) is a direct consequence of 
a|0) = 0. The rest of the proof is obtained from ^ using ([23]), ^ and □ 



Theorem 2.3 The operators (a + a^) anc? i{a — a^), defined on the Fock space 
J-", are bounded and, consequently, self-adjoint if q > 1. If q < 1, they are not 
self-adjoint. 

Proof: The matrix elements of the operator {a-\-a'^) on the basis \n) are given by 
(m| (a + a^)\n) = xJrn-a-i + Xn+i5m,n+i, n, m = 0, 1, 2, • ■ • (33) 
while the matrix elements of the operator i{a — a"^) are given by 

{m\i{a - a^)\n) = ixn5m,n~i - ixn+i5m,n+i,n, m = 0, 1, 2, ■ ■ ■ (34) 

1 /2 

where x„ = {P q^~'^[n]q) . Besides, the operators (a + a^) and i{a — a"'") can be 
represented by the two following symmetric Jacobi matrices, respectively: 



/ a;i 

xi X2 

X2 X3 

V '■■ 



\ 



(35) 



and 



/ —ixi 

ixi 

ix2 

V '■■ 





-iX2 








-ixs 



\ 



(36) 



Two situations deserve investigation: 
• Suppose q > 1. Then, 



\Xr> 



Pq^ q"" - 
q — I q^ 



1/2 



< 



\/n > 1. 



Therefore, the Jacobi matrices in fl35|) and f p6|l are bounded and self-adjoint (The- 
orem 1.2., Chapter VII in Ref. [H]). Thus, (a + a^) and i{a — a^) are bounded 



11 



and, consequently, self-adjoint. 
• Contrarily, if g < 1, then 



-j^ —n \ 1/2 

lim Xn = lim ( t^q^ ) = oo. (37) 



n— >oo n— >oo 



Considering the series Yl^=i '^l^n-, we obtain 

This ratio test leads to the conclusion that the series ^Y^=\ ^I'^n converges. More- 
over, 1 — 2g + = (1 — g)^ > =^ + g > 2. Hence, 

< (1 - + 9"') + < (1 - sg-'^ + g-''^) 

< a;„_ia;„+i < x\. 

Therefore, the Jacobi matrices in fl35|) and f l36|) are not self-adjoint (Theorem 1.5., 
Chapter VII in Ref. [II]). □ 

Definition 2.4 The {q; I, X)- deformed position, momentum and Hamiltonian op- 
erators denoted by Xi^x,q, PiXq ^'^^ ^iXq^ respectively, are defined as follows: 

-i{mtyjj/2f''^ {a- a)) 

= —^{a^a + aa^). (38) 

Proposition 2.5 The following system characterization holds: 

• The vectors \n) are eigenvectors of the [q; I, X)- deformed Hamiltonian with 
respect to the eigenvalues 

Ei,xM = ^lV-''-\q[n], + [n + 1],). (39) 



Pl,X,q 



H, 



l,\,q 
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The mean values of Xi^x,q (^nd Pi^x^q in the states \n) are zero while their 
variances are given by 

i^X.xX = '^lV-''-\q[n],+ [n + l],), (40) 

(A^A,.)^ = ^iV-^'-'iqln], + [n + (41) 
where {AA)l = {A'^)n - {A)l with {A)n = {n\A\n) . 
The position-momentum uncertainty relation is given by 

{AXi,x,M^PLx,<i)n = ^/'g^~""'(gM. + N + i]J (42) 

which is reduced, for the vacuum state, to the expression 

(AX,,,,)o(AP,A,,)o = ^lV~'- (43) 



Proof: Indeed, using the result of the Proposition \2.2\ we get 

Hi,x,q\n) = ^{a^a + aa^)) = ^l\^^"'\q[n]g + [n + l]g)\n). 

The first two relations fl33|) and flM|) in the proof of the previous Theorem 12 . 3 1 yield 

(n|(a + a^)|r2) = = {n\i{a — a'^)\n) and {n\{a + a'^)^\n) = + = {n\i'^{a — 
a'ffln). Therefore, {n\Xi^x\n) = = {n\Pi^x\n), {n\XfJn) = ^(x^ + x^+J and 
(n|P;\|n) = 2^(^n + ^n+i)- The rest of the proof is obtained replacing x„ and 
Xn+i by their expressions. □ 



2.2 Coherent states \z] 



Definition 2.6 The coherent states associated with the algebra ^2^- ^^2^ are de- 
fined as 



where 

n(n+l)/2 n °° n(n-l)/2 



°" „n n+1 /2 n n(n~ 1) 2 //i _ " 



n=0 ^ ^ ' L jy n=0 

and 



r , ,o , oo if < q < 1 , ^ 

T>i,x = {zeC: \z\^ < Ri^x} , with Ri^x = <1 iV i [ (46) 
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Ri^x is the convergence radius of the series J\fi^x{x). 

Remark that the g-deformed coherent states introduced in [9lj are recovered 
as a particular case corresponding to / = 1 and A = 0. 

We now aim at showing that the coherent states (jUj) satisfy the Klauder's 
criteria [721 [7T] . To this end let us first prove the following lemma: 



Lemma 2.7 If q > 1, then 



MAq-'x) 1 - (g - l)a;/(/V) 



(47) 



MAx) = (48) 

((g- l)x/(/2g^);g-i)^ 

x" {MAq~^x)y^ = (/2g^)"g-"("+i)/2[n],!. (49) 



Proof: We use the (g; /, A)-derivative defined by 



5;'V(x) = ^v^^^^^ (50) 



to obtain 

MAx) = d^^MA^) = i\ 



(g — l)x 
which leads to (l47j) and 

Ml a(x) = ^^lAS:-^ , 72 = 1, 2, ... (51) 

rc:o(i-('?-i)?-'^^/(W) 

Letting n to +oo and taking into account the fact that NiA^) = 1 Isad to ( 148|) . 
Next, we use the (g; /, A)-integration given by 

r /(xX'^x = g- V(ag-'^) (52) 

^ ^ fc=0 

to get 

{MAl^'^)r d^,'^ = f:q~'''^'''-I^Jq-''''''-,q~')^ 
Jo fc^o [Q ^) 
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Proposition 2.8 T/ie coherent states defined in 

(i) are normalized eigenvectors of the operator a with eigenvalue z, i.e. 

a\z)i^x = z\z)i^x, i,\{z\z)i^x = 1; 
(a) are not orthogonal to each other, i.e. 

i,\{zi\z2)lx^ 0, whenzi^Z2] 

(Hi) are continuous in their labels z; 
(iv) resolve the identity, i.e. 



where 



and 



1 = / d^i^x{z,z)\z)i^xiAz\ 



1 d^'^x dO 

^M^-, z) = ^Y^rj^^^TWW~y ^ = 1^1 ' ^ = 

with < x < ^ and < 6 < 2tt for q > 1. 
Proof: 

•Non orthogonality and normalizability 

h\7\ J^I,X{Z^Z2) ^ 

l,x'\Zi\Z2)l,X - ,„,,i/2 T U 

{Ml,x{\zi\^)Nl,x{\z2\^)y' 

imply that the coherent states are not orthogonal. 
•Normalizability 

From the above relation taking zi = Z2 = z we obtain ^x{z\z)i^x = 1. Also, 
ct'\z)i\ = Ml ^ (Up) > — =a|n) 
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°^ „n(n+l)/4^n 

• Continuity in the labels z 

- = 2 (1 - 7^e^,A(2lk2)^,A) • 

So, |||2;i)z,A - k2)«,A|P ^ as |2;i - 2;2| 0, since i,A(2ik2)/,A 1 as \zx - 0. 
•Resolution of the identity 

The computation of the RHS of (155|) gives 

n(„,+l)+™(m+l)]/4 ^ _^ ^dl^i^x{z,z) 



r g[n(n+L)+m(m+Lj\/A r 

/ d^ll,x{z,z)\z)l^^l,x{z\=Y,\^)'<^\ ,,,2 y^.^.^. 1 1 ■ / — *r n 

So, in order to satisfy (1551) it is required 

'^'""tTTT^ = ^UlVrq-''^''^'^^'[nW; n, m = 0, 1, 2, ... (59) 

Upon passing to polar coordinates, z = a/x e*^, d^i^x{z,z) = dui^\{x)d6 where 
< 6^ < 27r, < X < Ri^x and w/^a is a positive valued function, this is equivalent 
to the classical Stieltjes power moment problem when < g < 1 or the Hausdorff 
power moment problem when g > 1 [21 198] : 

'^'^dUlxix) ^ (^2^A)„^-n(n+l)/2[^l ,^ n = 0, 1, 2, ... (60) 

If < g < 1, then we have the following Stieltjes power moment problem: 



+°°^„27r duji,x{x) 







(/2g^)"g-"("+^)/2[n],!, (61) 



or, equivalently. 



Eq[[l - q)qy) 

where the change of variable y = has been made. Atakishiyev and Atakishiyeva 
[Sj have proved that 
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Therefore we deduce 



or 



dujixix) 



2^A„,^ _ 1 1 - g - q)qy)dy 

27rlng-i Eg{{l - q)y) 

1 1-q Ey{{l - q)qx/{fq^))dx 

2^/Vlng~^ ^^((1 -g)x/(/V)) 
1 1 - g N'i^\{x)dx 

27r/2g^lng-i MAx/q) ' 



(64) 



Hence 



On the other hand, if g > 1, then combining (1601) . f H7|) and fl48p of the Lemma 
12.71 we get 

ciM^-, z) = Y. l-{q-l)x/{Pq^y - = 1^1 ' ^ = (66) 
where < x < ^ and < < 27r. □ 

q-l — — 

2.3 Statistics and geometry of coherent states \z)i^\ 

The conventional boson operators h and 6^ may be expressed in terms of the 
deformed operators a and as 



and their actions on the states \n) are given by 

h\n) = ^/n\n - I) , and fe'^jn) = VnTT|n + 1). (68) 

Besides, 



¥\n) = il- —\n — r), 0<r<n (69) 

[n — r)\ 



and 



(6t)^|n) = ./i!i±^|n + s). (70) 
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2.3.1 Quantum statistics of the coherent states \z)i^x 

Proposition 2.9 The expectation value of monomials of boson creation and an- 
nihilation operators , h in the coherent states \z)i^\ are given by 



. , _ V" q[{n+s){n+s+l)+in+r)in+r+l)]/2(^n ^ ^)!(^ ^ g)] |^|2n 

^ ~ MMW) ^ V (/V)("+^)+("+'-)[n + s]J[n + r],! ^ ^ 

where s = 0, 1, 2, ■ ■ ■ and r = 0, 1, 2, ■ ■ -. 

/n particular, 

(ib^ybl = T7^(4-XMAx), x=\z\^ r = 0, 1, 2,---, (72) 



and 



(N) = x--l^ , (73) 



^MAx) 

where N"! ^{x) denotes the derivative with respect to x. 

Proof: Indeed, for s = 0, 1, 2, ■ ■ ■ and r = 0, 1, 2, ■ ■ -, we have 



1 / gM>»+i)+'^(r^+i)]/2n!(n-r + g)! _^ „ 



1 ^ / g[(n+s-r-)(n+s-r+l)+n(n+l)]/2^|(-^ _ ^ _^ 3^1 



■M,A(kP) ^ V (/^g^)"+'"''+"h + -5 - r]q\[n\q\{n - r)\{n - r)\ 

oo 



^^^^ ^ |g[(n+s)(n+s+l)+(n+r)(n+r+l)]/2(^^ _^ ^)!(^^ _^ I^pn 



■M,A(kP)^V (/2g^)(^+^)+("+0[n + s]5![n + r]g! n 
In the special case s = r, we have 

/r/,t^r,r^ _ X'- ^ g(n+r)(«+r+l)/2(^ + r)! 

' ' - AriA(x)^ (/2gA)(n+r)[^ + ^]^! 



x^ f d\ 



Ml Ax) \dx ) 
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In particular 



{N)^{b^b) = x 

□ 

The probability of finding n quanta in the deformed state \z)i^x is given by 

^n(n+l)/2^n 

The Mendel parameter measuring the deviation from the Poisson statistics is 
defined by the quantity 

Qi,x • (75) 

Let us evaluate it explicitly. From the expectation value of the operator = 
(b^yb^ + provided by 

_ 2-^/,a(^) , Kxi^) 



we readily deduce 



X^ix) M,,{x) 

It is then worth noticing that for x << 1, 

meaning that the Vi^x{n) is a sub-Poissonian distribution [7T] . 



2.3.2 Geometry of the states \z)i^x 

The geometry of a quantum state space can be described by the corresponding 
metric tensor. This real and positive definite metric is defined on the underlying 
manifold that the quantum states form, or belong to, by calculating the distance 
function (line element) between two quantum states. So, it is also known as a 
Fubini-Study metric of the ray space. The knowledge of the quantum metric en- 
ables one to calculate quantum mechanical transition probability and uncertainties 
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In the case g < 1, the map from z to \z)i^\ defines a map from the space C 
of complex numbers onto a continuous subset of unit vectors in Hilbert space and 
generates in the latter a two-dimensional surface with the following Fubini-Study 
metric: 

da'' ■.= \\d\zy^\\^ (79) 



Proposition 2.10 The above Fubini-Study metric is reduced to 

da'^ = Wi^x{x)dzdz, 

where x = UP and 



X 



X- 



dx 



In polar coordinates, z = re*^, 

da' = Wi,x{r'){dr' + r'de'). 

Proof: Computing d\z)i^x by taking into account the fact that any chan; 
form d\z)i^x = a\z)i^x, a G C, has zero distance, we get 

°° „n(n+l)/4 n-l 



(80) 

(81) 

(82) 
re of the 



Then, 



\\d\z)i,x\\' 



MA\z\ ) — I : . — dzdz 



n=0 



(/2g^)"M,! 

,n{n+l)/2^|^|2{n-l) 



g"("+i)/2n(n- l)|;z|2("-2) 



dzdz 



n=0 



and 



U.A 



[^\d\z)i,x\' 



(/2gA)n,[^]^i 

MAxy' {Afl^x) + xJ\f[[x{x)) dzdz 
Ui^x)-^ {xMl^x))' dzdz 



^n(n+l)/2^|^|2(n-l) ^ 



n=0 



(/2gA)n, 



n 
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Therefore, 



da"" 




□ 



For X << 1, we have 



Wi^x) 




1 



2g(l - q) 

/V(i + g) 




(83) 



3 On generalized oscillator algebras and their 
associated coherent states 

A unified method of calculating structure functions from commutation rela- 
tions of deformed single-mode oscillator algebras is presented. A natural approach 
to building coherent states associated to deformed algebras is then deduced [T6] . 
Known deformed algebras are given as illustration and such mathematical prop- 
erties as the continuity in the label, normalizability and resolution of the identity 
of the corresponding coherent states are discussed. 

3.1 Unified deformed single- mode oscillator algebras 

Definition 3.1 We call deformed Heisenberg algebra, an associative algebra gen- 
erated by the set of operators {1, a, a'^ , N} satisfying the relations 



such that there exists a non-negative analytic function f , called the structure func- 
tion, defining the operator products a'^a and aa^ in the following way: 



where N is a self-adjoint operator, a and its Hermitian conjugate denote the 
deformed annihilation and creation operators, respectively. 



[N, a] = —a, 
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Afore-mentioned deformed Heisenberg algebras have a common property char- 
acterized by the existence of a self-adjoint number operator A^, a lowering operator 
a and its formal adjoint, called raising operator, and differ by the expression of 
the structure function /. 

The associated Fock space J-' is now spanned by the orthonormalized eigenstates 
of the number operator given by: 

|n) = ^^(atriO), neNU{0}, (86) 



where 



Moreover, 



/H! = /(n)/(n-l).../(l) with /(0) = 0. (87) 



a\n) = ^/fi^\n-l), a^n) = ^/fi^^^TT)\n + l). (88) 

We emphasize that the structure function / is a key unifying methods of co- 
herent state construction corresponding to deformed algebras. To this end let us 
first recall the definition of the canonical coherent states. 

Definition 3.2 The canonical coherent states (CS) are normalized states \z) G "H 
satisfying one of the following three equivalent conditions ES \2B \E2\ ^^0^ ' 



(i) they saturate the Heisenberg inequality: 

(Ag)(Ap) = ^, (89) 

where (AA)^ := {z\A^ - {A)'^\z) with {A) := {z\A\z) ; 
(a) they are eigenvectors of the annihilation operator, with eigenvalue z 

b\z)=z\z); (90) 

(Hi) they are obtained from the ground state |0) of the harmonic oscillator by a 
unitary action of the Weyl- Heisenberg group: 

^g.fet-2fe|0). (91) 
From (1911) and using the famous Baker-Campbell-Hausdorff formula 

^A+B ^ ^-1[A,B]^A^B (92) 
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whenever [A, [A, B]] = [B, [A, B]] = 0, one obtains 

|^) = e-NV2^A_|^)=e-W'/V^>), ^eC. (93) 

The important feature of these coherent states resides in the partition (resolution) 
of identity: 

^^\z){z\ = l, (94) 

TT 

where we have put [(Pz] = d{Rez)d{Imz) for simphcity. 

Suppose that /(O) = 0, f{n) > for all n G Hand denote D/ = {z e C : \z\'^ < i?/}, 
where -R/ is the radius of convergence of the series ( called deformed exponential 
function) : 

°° n 

Then, the following holds: 
Proposition 3.3 The states 



\zj) := (A/'/(i^r))-^/^E[7(;^(«')"io) 



n=0 



= (A/'/(l^l'))"'^'E^f7fTTTl^)' '^^f^ (96) 

are normalized eigenstates of the raising operator a with eigenvalue z. They are 
not orthogonal to each other. Moreover, the map z H- \z,f) from D/ C C to the 
Fock space T is continuous. 

Proof: The first assertion is true by definition of states l^;, /) and the action of 
the raising operator a. To prove the non orthogonality, let 2:1, 2:2 £ D/- Then, 



A//(^1^2) 



{z,J\z,J)= J\l^>_ ^0, when z,^Z2. (97) 



Furthermore, 

||kl,/)-k2,/)|P = 2(l-7^e(^l,/|^2,/))^0 as |zi - ^2! ^ (98) 
that means the map Y)f 3 z ^ k, /) G -7-" is continuous. □ 
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The family {\z, f) : z & T) f} will be called coherent states whether there exists 
a positive measure fif such that [72] : 



I dfif{z,z)\zj){z,f\=^\n){n\ = l, 

n=0 



(99) 



thus forming an overcomplete set of states, or equivalently 




Snm[fin)]\, n, m = 0, 1, 2, ... 



(100) 



Passing to polar coordinates, z = a/xc'^, where < ^ < 27r, < x < Rf, and 
dfi{z,z) = duf{x)d9, the latter equation leads to the following classical Stieltjes 
(for Rf = oo) or Hausdorff {Rf < oo) power-moment problem [2] 



Note immediately that not all deformed algebras lead to coherent states because 
the moment problem fllOip does not always have solution [2], [98]. Nevertheless, 
it is remarkable that the structure function / plays an important role in the con- 
struction of coherent states associated to an algebra. So, the question arises is 
then how to determine the structure function corresponding to a given algebra. 

Many techniques have been proposed in literature [9l [131 [13 UB\ [83] . A more 
general answer to this question can be given starting from the Meljanac et al [83] 
point of view. Indeed, these authors introduced the generalized g-deformed single- 
mode oscillator algebra through the identity operator 1, a self-adjoint number 
operator A^, a lowering operator a and an operator a which is not necessarily 
conjugate to a satisfying 



where F and G are arbitrary complex analytic functions. 

Such an algebra furnishes an appropriate approach for the unification of classes 
of deformed algebras known in the literature. 

For the purpose, let us start from the relations fll02p to get 




(101) 



[N, a] = -a, 
aa — F{N)aa 



[N, a] 
■■G{N) 



= a 



(102) 
(103) 



[N, aa] = 0= [N, aa] 



(104) 



implying the existence of a complex analytic function (p such that 



aa = (p{N) and 



aa = ip{N + 1). 



(105) 
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Therefore, Eg. (11031) can be rewritten as follows 

^(A^ + l)-F(iV)^(A^) = G(A^). (106) 

Denote now the Hermitian conjugate of the operator a. Then, 

[N, = a\ and a = c{N)a\ (107) 

where c{N) is a complex function. For convenience take c{N) = e'^^'^^^^l There- 
fore, from (llOSp and the fact that a^a and aa^ are Hermitian operators we neces- 
sarily have 

a^a=\ip{N)\ and aa^ = \ip{N + (108) 

We now assume the existence of a "vacuum state" |0) such that 

A^|0) = 0, a|0)=0 and (0|0) = 1, (109) 

and construct the non normalized eigenvectors (a^)"'|0) of the operator A^. It 
follows that 

n 

{0\a"'{aY\0)=6^nl[Mk)\=-MnW-)Smn, m, n = 0, 1, 2, • ■ ■ (110) 

fc=i 

and we have the following proposition 

Proposition 3.4 Suppose that the initial condition ^p{0) = is satisfied. Then 
^{n) = [F{n-l)ij2^_^ n>l. (HI) 

where 

Proof: Applying fll06p to the vector (a''')"'|0), we obtain 

ip{n + l)- F{n)^{n) = G{n), n = 0, 1, 2 ■ • • (113) 

Then the result follows. □ 
Notice that for all n = 1, 2, ... each "excited" state (a^)"|0) is a eigenstate of 
the operator N corresponding to the eigenvalue n with norm 

ii(«^rio)ii = v¥M- (114) 
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Of course, these states are orthogonal, i.e. 

(0|a'"(at)'^|0) = for m 7^ n. (115) 

Now, if (f{n) 7^ for all n > 1, one normalizes the eigenstates (a''")"|0) of 
and gets the vectors \n) G J-" as 

In the opposite, if (p{no) = for some no , then the state (at)"o|0) has zero norm 
and, consistently, we can put |no, (f) = 0. The corresponding Hilbert space is the 
finite-dimensional space C"°. 

Besides, the following relations hold: 



a 



n,^) = ^/\^p{n)\\n - l,Lp), a'^\n,Lp) = V|v?(n + l)||n + l,Lp), (117) 
a^a\n,(p) = \ip{n)\\n,ip) and aa^n,ip) = \ip{n + l)\\n, cp) (US) 

showing that the structure function characterizing a given deformation is defined 
as follows: f{n) = (p{n) if (f{n) > 0, and f{n) = \(f{n)\, in general. 

Moreover, the conventional boson operators b and may be expressed in terms 
of the deformed operators a and as 



and b^ = J——al (119) 



f{N) V f{N) 

Thus the actions of b and 6^ on the states are as usual 

b\n, (p) = y/n\n — 1, (p), and b^\n,(p) = \/n + l\n + 1, (f). (120) 

So, for simplicity of notations we set \n,(p) = \n). Note also that the Weyl- 
Heisenberg algebra oscillator corresponds to F{N) = G{N) = 1. 

In the next section, we analyse known algebras in the light of the above devel- 
oped formalism. 

3.2 Application to known deformed algebras 

3.3 The Tamm-Dancoff deformed algebra 

This algebra appeared in the frame of Tamm-Dancoff method [271 1104] . in 
quantum field theory, and was defined by the commutation relations 

[N, a^] = a^ [N, a] = -a, (121) 
aa^ - qa^a = g^, (122) 
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where q is an arbitrary complex non-zero number. This corresponds to the case 
F{N) = q and G{N) = g^, and yields 

^{n) = nq""-^ and f{n) = n\q\''-\ (123) 

In this case, the exponential function written as 

oo n 

^^(-) = E „u„Zn-.>,. (124) 
converges on the whole complex plane C for |g| > 1. 

Proposition 3.5 The moment problem UU1\) with Rj = +oo has the following 
solution 



AfJx) dx r vl^l exp - K/|g|t 



duj,{x) = l^i^ / ' ' ^ (125) 

2vr Jo xW2'K\n\q\ 



~ doj (x^ 

Proof: Setting W„(x)dx = 2n / , the moment problem fllOip is then written 

Mg{x) 

as follows: 

POO 

/ x'^iyq(x)rfx = n!|g|"("-i)/^ n = 0, 1, 2, ... (126) 
Jo 

The inverse Mellin transforms of /i(s) = and /2(s) = |g|~**/^r(s) gives 



M-'{h{s)}= tl^ =:/i(x) and M~'{Ms)} = e-^^^^ =: Mx) (127) 
a/ ZTT m \q\ 

respectively. Thus, the solution of the integral equation 

POO 

/ x' Wg{x)dx = Y(^s + 1), (128) 

Jo 



can be obtained using the Mellin integral formula 

mI r Mx/t)f2{t)dt] = his)f2{s + 1) (129) 



which, in particular, gives 

r -^—^e-VMtdt ] dx = \q\-'/'\q\'^'-'y'T{s + 1] 
Jo \/27rln|g| / 
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or equivalently 

r ( r '^'''^^" f'^^^ ^^'^ rft 1 dx = |gr(^-^)/2r(s + 1).(130) 
Jo \Jo x^y2^T\n\q\ j 



Therefore, 



ln^(a/t) 



W,{x) = / ^ )— ^^cit. (131) 

Then follows the result. □ 
Hence, the states defined in C by 

oo „ 

n=0 'l^' 

oo „ 

constitute a family of coherent states. 

3.3.1 The Arick-Coon-Kuryskin deformed algebra (1976) 

Arick and Coon first introduced this algebra [7] whose generators satisfy the 
following relations: 

[A, at] = a\ [A, a] = -a, (133) 
aa^ -qa^a = l,. (134) 



The same algebra was examined independently by other authors like Kuryshkin|78]. 
Jannussis [59], etc., and has gained popularity because of its connection to the de- 
veloped mathematical g-analysis theory. 

One can check that F{N) = q and G{N) = 1 leading to 

g" - 1 

V^(^) = Y ~' [^-l^ ^^^^ ~ V^(^) ? ^ [~1> If^l' ^)- (135) 

wihch is one of the forms of the so called g-numbers. This result is also obtained 
replacing (11341) by 

[a, at] = g^. (136) 
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Then follows the series 

■^.(-) = Et^- (137) 



CO ^ 



n=0 ^ 

Arick and Coon have considered the case < g < 1 for which N'q{x) = eg((l — 
q)x) where eq{x) is one of the famous Jackson g-exponential functions, which 
converges for |x| < 1 [32]. In this case the radius of convergence oiN'q{x) is 
R„ = -r—. Note also that, 

^q^^q{x)=^^q{x), (i38) 

where the g-derivative dq is defined as follows 

The following statements hold: 
Lemma 3.6 

= I , AT (x) = ^ , (140) 

Mq{qx) l-{l-q)x' ^ ((1 - g)x; g)oo' 

n-1 



where (a; g)„ = — ag^). Moreover, 

x" (7V;(gx))~^ c/gX = n = 0, 1, 2, (142) 



k=0 

(1-9)-' 



where 



/ /(x)d,x = a(l-g)5^/(ag'^)g'^ (143) 

"^0 fc=0 

defines the Jackson integral of a function f . 

Proof: Equations (fT^ and ffT^ lead to ffM?D - (fTiTD . Using the Jackson integral 
we obtain 



/ X" (Ar,(gx))-^ rf,x = J2 7T K(?'^V(1 - ?))) 
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(l-g)"(g"+i;g)oo 

Then (^^. □ 

Proposition 3.7 The solution of the moment problem lilOl]) with the Rq = 
is given by 

Proof: In this case the moment problem fllOip becomes 

'^.»^^T^=N,!. n = 0.1.2.... (145) 

The comparison of moment problem (11451) and fll42p with the use of the first 
equality of previous relations fll40p leads to fll44p . □ 
Thus, the states 



k). = (A/;(kr))''/'Er;T7(«')"|o) 



n=0 

oo 



= (A/;(kn)-^/^E^i^) (146) 

define a family of coherent states onDq = E C : \z\ < (1 — g)^^^^}. 

3.3.2 The Feinsilver deformed algebra (1987) 

The generators of the algebra by Feinsilver algebra [36l [37] verify 

[a, = q^^^, [N, a] = -a, [A^, a^] = a\ (147) 

where q is non-zero real number. It follows that F{N) = 1 and G{N) = 
implying 



1 - 



fin) = ^(n) = = [n]q-2. (148) 



The change of parameters q = q with g > 1, leads to the previous Arick-Coon- 
Kuryshkin algebra. 
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3.3.3 The Biedenharn-Macfarlane oscillator algebra (1989) 

The generators of the deformed algebra introduced by Biedenharn [12] and 
independently by Macfarlane [79], in the context of oscillator realization of the 
quantum algebra sUg{2), satisfy 

[N, flT] = a\ [N, a] = -a, (149) 
aa^ — qa^a = or aa^ — g"^a^a = g^, ^ 1. (150) 

Here F{N) = q and G{N) = q~^ . Therefore, 

n— 1 _ ■ _ 



Then, the structure function is given by 

/(n) = =: [<, gGM;\{l}. (152) 

q — q 

Hence, considering the series 



one notices that its radius of convergence -R^ = +oo. 

Using the deformed derivative and integration defined by 



and 



(155) 



/ f{x)dgX := {q- q~^)x^q'^^f{q'^^x), Xi = xq\xf = xq^ 

l=i 

respectively, You-quan and Zheng-mao [llOj showed that 

POO 

/ x"7V;(-x)rffx = [n]f!, n = 0, 1, 2, ■■■ (156) 
Jo 

Therefore, the power-moment problem fllOip has a solution given by 

1 



dug{x) = ^Afg{x)Afg{-x)dfx (157) 
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and the states 



define a family of colierent states with 2; G C. 
Remark 3.8 

• EI Baz and Hassouni [32] demonstrated, for |g| = 1 and using the Fourrier 
transforms, that the power-moment problem fllOip has the solution 

duj^{x) = ^Afg{x)WB{x)dx (159) 

ZTT 

where Wg{x) is the Fourier transform of the series 

n=0 



I.e. 

f 00 



W, (x) = ^J^ e-'^m, {y)dy. (161) 



Notice that in this case the function (x) is replaced by (x) = 



~ X" 



n=0 IL'^Jg - I 



• Yan [109] has later examined this algebra with relations 

a^a = [N], aa^ = [iV + 1], [a, = [N + 1] - [N]. (162) 

3.3.4 The Calogero-Vasiliev oscillator algebra (1991) 

In 1991 Vasihev |105] introduced a deformed algebra whose generators satisfy 

[iV, a] = -a, [N, a^] = a^ [A^, K] = 0, (163) 
aK = -Ka, a)K = -Ka\ = 1, (164) 
[a, a^] = l + uK, (165) 

where z/ is a real such that p > —\ and K = (— )^ is the Klein operator interpreted 
as the generator of the symmetric group 82- From (11651) . we have F{N) = 1 and 
G{N) = 1 + Therefore 

ip{2n) = 2n and (p{2n + 1) = 2{n + u) + 1, n = 0, 1, 2, ... (166) 
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The exponential function ( 195|) written as 

n=0 ^ 

converges everywhere x. However, the corresponding moment problem (110 11) 

^x- =^(n)!, n = 0, 1, 2, ... (168) 

remains to solve. 

3.3.5 The (p, g)-Chakrabarti- Jagannathan oscillator algebra (1991) 

The two-parameter quantum algebra was first introduced by Chakrabarti and 
Jagannathan [21] in order to generalize or/and unify the Arick-Coon-Kurskin os- 
cillator algebra {p = 1) and Biedenharn-Macfarlane oscillator algebra {p = q)- The 
generators satisfy 

[N, a] = -a, [N, a^] = a\ (169) 
aa^ — ga^a = p~^ , or aa^ — p~^a^a = q^ , (170) 

where p,q E M."^. 

From the first relation of (I170p we deduce F{N) = q and G{N) = p~^ . There- 
fore, 

^W = ^ E^ = ^ l-(p,)-i =7T37=-K-M. (171) 

Notice that the second relation of (I170p gives the same result. Hence, it suffices to 
consider only one of the two relations f ll70p . 

The Fock space of the Bose oscillator Tcj associated to this deformation is 
generated by the orthonormalized states 

\n) = ^=L=\0), n = 0, 1, 2, ... (172) 



where 



r 1 1 _ J 1 if n = , . 

^^^JP-^'"- = i [n],-.,,[n - l],-i,,...[l],-i,, if n > 1 • ^^^^^ 
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3.3.6 The Kalnins-Mukherjee-Miller oscillator algebra (1993) 

This g-oscillator algebra generated by four elements and £ satisfying 

[H, E+] = E+ [H, E^] = -E_ (174) 
[E+, E^] = -q-^'S [8, E±] = = [8, H], (175) 

where < g < 1, was introduced by Kalnins et al pB] . 

The elements C = qq~^ 8 + {q — 1)E+E^ and 8 lie in the center of this algebra. 
It admits a class of irreducible representations for C = /^l and 8 = ["^q^'^l, where 
I and A are real numbers with 1^0. Setting N = H, a = E^ and = E^, we get 

[A^, a] = -a, [iV, = a\ (176) 
aat - a^a = Z^g-^+^-i. (177) 

Hence, F{N) = 1 and G{N) = fq~^+^~^ leading to 

fc=0 ^ 

Suppose g < 1. Then, the series 

^n(n+l)/2^n ^n.(n-l)/2 ^J^]^ _ g)gx 



= i?,((l-g)gx/(/V)). (179) 

has a radius of convergence Ri^\ = oo |42j. While in the case q > 1, the factors 
(f{n) remain positive for every n > 0, but the series N'^xi^x) converges only for 
|a;| < ^ := Ri,,. 

We have the following result: 

Proposition 3.9 The power-moment problem M01\) has a solution given by 

= 2^ iVlnr.A/-,.(./,) ""- /- < " < 1. (18°) 

1 pn"^ 

duJi,x{x) = —- ' ^ , 0<x< for q>l. (181) 

ZTT 1 — (g — l)x/(rg-^) Q — ^ 

Proof: See proof of proposition 12.81 
Hence, the states 

~ ^n(n+l)/4^n 

^ v(/^r)"Mg! 

form a family of coherent states for z G D; ^ = {z E C; {zl"^ < Ri^x}- 



34 



3.3.7 The Chung-Chung-Nam-Um oscillator algebra (1993) 

The generalized (g, a, /3)-algebra was introduced by Chung et al [26] with the 
generators satisfying 

[iV, a] = -a, [N, a^] = a\ (183) 
aa^ - qa^a = (184) 

where q G M!^ and a, f3 are real parameters. One notices that F[N) = q and 
G{N) = q^^+P. Therefore, 

r ^ rr s r ^ f Uq'^-^+l^ if « = 1 , , 

(^(n) = /(n) =: F^,^(n;g) = <^ if « ^ 1 

This algebra generalizes the algebras introduced by: 

• Tamm-Dancoff, with a = 1, /3 = 0; 

• Arick-Coon-Kuryshkin, with a = /3 = 0; and 

• Biedenharn-Macfarlane, with a = — 1, /3 = 0. 

3.3.8 The Borzov-Damasky-Yegorov oscillator algebra (1993) 

The generalized W2^(g)-algebra was introduced by Borzov et al [13] in order to 
unify a large class of konwn g-deformed oscillator algebras. The generators satisfy 

[iV, a] = -a, [N, = a\ (186) 
aa^ - q^o)a = g"^+'^ (187) 

where q G and a, /3, 7 are real parameters. Here F{N) = q'^ and G{N) = q°'^~^i^ 
leading to 

f nq'^^"-~^^~^^ if a = 7 
<^(n) = /(n) = Fj_^(n;g) = j^/jaZ^^ ^ _^ ^_ (188) 



3.3.9 The Brzeziriski - Egusquinza - Macfarlane oscillator algebra (1993) 



Brzezihski et al [H] introduced this algebra as g-deformation a la Biedenharn 
- Macfarlane of the Calogero-Vasiliev oscillator algebra. It is governed by the 
relations: 

[N, a] = -a, [N, a^] = a\ [N, K] = 0, (189) 
aK = -Ka, a^K = -Ka\ = 1, (190) 
aa^ -qa^a = q-^{l + 2aK), (191) 



35 



where a G M*, q G M+ and K = (— )^ is the Klein operator. Here F{N) = q and 
G{N) = q-^{l + 2aK) leading to 

^{n)=:Un) = ^- ^— + 2a^ \ 7 . (192) 

q — q~^ q + q~^ 

3.3.10 The Quesne oscillator algebra (2002) 



The coherent states introduced by Quesne [M] may be associated with the 
g-deformed algebra satisfying the relations 



[N, a] = -a, [N, = a\ (193) 
aa^ — a^a = q~^^^ or qaa^ — a^a = 1 (194) 

where < g < 1. 

The first relation of fll94p suggests F{N) = 1 and G{N) = q^^"^ leading to 

q-l 



It is a particular case of the Kalnins-Miller- Mukherjee algebra developed above 
with / = 1, A = 0. 

3.3.11 The (g; a, 13, 7; i^)-Burban oscillator algebra (2007) 

In 2007, Burban [IS] introduced the (g; a, /3, 7; z/)-oscillator algebra whose gen- 
erators satisfy the relations 

[N, a] = -a, [N, a^] = a^ [A^, K] = 0, (196) 
aK = -Ka, a)K = -Ka) , = 1, (197) 
aat-gVa = g"^+^(l + 2i^i^), (198) 

where z/G]R*,a,/3GM, gG M+ and K = (— )^ is the Klein operator. Here 
F{N) = q^ and G{N) = g"^+^(l + 2iyK) leading to 

,,(n-i) ^ g"^+^(l + 2K-l)^) 



j=0 

g^("-i)+^(n + z/(l - (-1)")) if a = 7 



q-yj 



For a = 7 and 1 + 2i^ > 

/(^) = Flp;M Q) = q^^'^-'^^^in + (-1)'^)). (200) 

For each of the following cases 
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1. (g < 1, a < 7 and -I <2v < -f^"' 

2. (g > 1, a > 7 and -l<2u< -f^^); 

3. (g < 1, a > 7 and 1 + 2z/ > 0); 

4. g > 1, a < 7 and 1 + 2z/ > 0) 
we have 

f(n) = Fl.{n- q) = q^( ^ ^— + 2u1 L^li_ . (201) 

3.3.12 The (p, g) and (p, g; /i, i/, /)-oscillator algebras (2007) 

In 2007, our group [S2] introduced an algebra generalizing the Quesne oscillator 
algebra: 

[iV, a] = -a, [N, a^] = a^ (202) 

p-^aa^ - a^a = q-^-\ qaa^ - a^a = p^+^ (203) 

From the first relation fl203p . we get F{N) = p and G{N) = pq~^~^ and then 

Vin) = ^ = Tf;^ =■ i<r (204) 



p q — p 



The (p, g; /i, i^, /)-oscillator algebra is defined through the following commutation 
relations 

[iV, a] = -a, [iV, a"^] = a\ (205) 
^aat-p-Va=(^) /(p,g) (206) 

where p, g, /i, are real numbers such that < pg < 1, p'^ < q^~^ ^ p > 1 and / 
a well behaved real and non-negative junction of deformation parameters p and g, 
satisfying lim/(p, g) = 1 as (p,p) — )■ (1, 1). 

Here, F(iV) ^ 



g- 


^( 


g' 






p^ 


p" 


- <i 


— n. 


9 


-p- 


-1 
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The series 

oo 

X 



To l^Jp.g,/^ 



has a radius of convergence R = +00. It had also shown in [52] that the moment 
problem (11 Oil) has, for /i = 1 and 1^ = 0, the following solution 



1,0 / X _ i P ^ - q ■^mJ 



Finally, the states 

00 „ 

\^)Zf = - ^ (210) 



form a family of coherent states. 



3.3.13 Unified (p, g; a, /3, i/; 7)-deformed oscillator algebra (2012) 

More recently, Baloitcha et al [5] introduced the unified (p, g; a, /3, u] 7)-deformed 
oscillator algebra whose generators satisfy: 

[iV, a] = -a, [N, aT] = a^ [A^, K] = 0, (211) 
aK = -Ka, a) K = -Ka\ = 1, (212) 
aa^ - p^a^a = (1 + 2-fK)q''^+^, (213) 

where, a, /3, 7, e M, p, g G M+ and K = (— )^ is the Klein operator. 
Here, F{N) = and G{N) = (1 + 27(-)^)g"^+'^ and 

^ V ^-'^'^ + ^ ; P ^ V (214) 

^/3+a(n-l) ^ 27i^j if p- = g°. 

For p'' = g" and 1 + 27 > 

f{n) =: F:,^^^(n; p, g) = g^+"("-i) (^n + 27 ^"^"^" ^ . (215) 

For each of the following cases: 
1. p"" > g" and 1 + 27 > 0, and 



2. < g° and -1 < 27 < 
have 
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4 1Z{p, Q')-deformed quantum algebras: coherent 
states and special functions 



We provide with a generalization of well known (p, g)-deformed Heisenberg 
algebras, called TZ{p, g)-deformed quantum algebras, and study the corresponding 
TZ{p, g)-series. A general formulation of the binomial theorem is given. Special 
functions are obtained as limit cases. This work well prolongs a previous work by 
Odzijewicz [ST]. Known results in the literature are recovered. 

4.1 Theoretical framework 

The development displayed in this section is essentially based on the formalism 
elaborated by Odzijewicz [ST] in a nice, mathematically based work published 
in 1998, but unfortunately hushed up in the recent literature on the topic. In 
the mentioned work, this author investigated the quantum algebras generated by 
the coherent state maps of the disc, leading to a generalized analysis which in- 
cludes standard analysis as well as q-analysis. He provided with the meromorphic 
continuation of the generalized basic hypergeometric series and constructed a re- 
producing measure, when the series is treated as a reproducing kernel. Indeed, 
much to our very great surprise, most all the remarkable coherent state general- 
izations, performed from the generalization of exponential function by different 
authors, can be generated from this more general theory. 

Let "H be an infinite dimensional separable Hilbert space and {|?^)}J^o canon- 
ical basis. Assume that there exists a sequence {fn}'^=o in 'H such that 

fn = CnC\n) (217) 

where C and its inverse are bounded operators on "H, and c„ (n = 0, 1, 2, ■ ■ ■) 
are real positive numbers satisfying the conditions 

sup ^^^^ < +00 and = lim sup ^/c^. (218) 

Definition 4.1 Jg7| / A coherent states map is a complex analytic map 

K -.Bn —^n\{o} 

oo 

z K{z) = Y,fnz'' (219) 

n=0 
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where ={z G C ; \z\ < R}. The states K{z) are called coherent states and the 
operator A admitting these states as eigenstates with eigenvalues z G Dr, i.e. 

AK{z) = zK{z), (220) 

is said to he the annihilation operator. 

The relations fmTjl -f E^ lead to 

C^^AC\Q) = and C~^AC\n) = ^\n - 1) Vn > 1. (221) 

Therefore, ||C~^y4C|| < +oo meaning that A is a bounded operator. Its Hermitian 
conjugate, called the creation operator and denoted by A\ is also bounded. The 
algebra closure, spanned by the operators in their norm topology, gives 

the so-called C*— algebra Ak- 

Proposition 4.2 Let (^(D/j) be a set of holomorphic functions defined on the disc 
Or. 

The map Ik '■ "H — > (9(Dr) such as 

Ik{v) :=< V I K{-) >, ven (222) 

is an antilinear monomorphism of complex vector spaces. Moreover, considering 
the topology of simple convergence, Ik ("H) is dense on 0{B)r). 

Proof 4.1 From ^Wi) 

1 ^ 

f^^, = hm-^{K{z) -Y.fkz") and fo = K{0), (223) 

it results, by induction, that f^ belongs to the closure of the linear space spanned 
by the elements of the subset {K{z), \z\ < e < R} C. Ti. Otherwise, the coherent 
states K{z), z G D^, form a linearly subset dense in "H. One can easily check that 
Ik is antilinear, i.e. , 

iK^au + I3v) = alKiu) + I3Ik{v), Va, /3 G C m, v G (224) 

and 

z- = lK{c-\C^r'\n)) (225) 

implying z"" G Ik ("H) , Vn > 0. □ 
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Therefore, Ik ("H) inherits the Hilbert space structure endowed with the scalar 
product 

{Ik{vi)\Ik{v2)) ■■= {vi\v2) \fvi,V2 G n. (226) 

Thus, the Hilbert space "H can be identified with the dense subspace Ik ("H) of 
0(Dfi). Hence, Ik ° Ak ° I]^ is the analytic representation of the algebra Ak as 
shown in the following diagram: 



X 



■n 



Ik 



Ik 



Ik m Ik iU) 



I3x = IkoXoI^^ 



Id 



Id 



So, given an operator X G Ak, we find a unique linear operator Px into 0(D_r) 
such that I3x = Ik°XoI^^ . Consequently, the action of the analytic representation 
[Ik o o I~^) of the creation operator A^ on ip G (9(D/j) yields: 

{lKoA^oI^^)ip{z)=zif{z), (227) 

while that of the analytic representation d := (IkoAoIj^^) of the annihilation oper- 
ator, the so-called K— derivative [87], depends on the operator C and parameters 
c„. On the basis elements z", it gives 



oo 



= Y,CkC~\n\C~^A^C\k)z\ 



(228) 



k=0 



Without loss of generality and as a matter of convenience, we restrict, in the sequel, 
the analysis to a unity operator C, (i.e. C = I) leading to 



dz" = [n]z 



,n-l 



where 



if n = 



n 



if n>l. 



Therefore, 



Co 



[n]\ 



(229) 



(230) 



(231) 
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with [0]! = 1 and [n]\ = [n]{[n - 1]!), and 

AA^n) = [n + l]\n) , A'^ A\n) = [n\\n) , 



(232) 



Cn>p^ for \\A\\>R. (233) 

The sequence {[ri]}n>o converges and 

R= hm yi^. (234) 

n—>oo 

Similarly, the i^T— exponential function is defined by 

Exp{v, z) := {K{v)\K{z)) (235) 

and satisfies the equation 

dExp(v, z) = vExp{v, z). (236) 

Setting w = 1, one has 

Exp(^) := Exp(l,^) (237) 

which satisfies the equation 

aExp(^) = Exp(^). (238) 

Hence, provided the /T— derivative ip) realization, we can determine the analytic 
representation, Ik o Ak ° Ik^, of the C*— algebra Ar- Moreover through the 
equalities fl229p and f l23ip . the coherent states map K : — )■ 7i \ {0} generate 
the coherent states 

K{z) = J2^nZ-\n) = J2 ^^1^)' (239) 



n=0 n=0 

and the exponential functions fl235p and (12371) are reduced to 

oo 9 

Cn 



Exp{v,z) = J2t^M'' (240) 

n=0 

and, after normalization (i.e. cq = 1), to 

E^P(^) = E£iT' (241) 



oo 9 

Z^ 



n=0 



respectively. 

In the next section, we aim at extending the above formalism to a general (p, q)- 
analysis, constructing a (Jl,p,q)— derivative, where 7^ is a meromorphic function 
defined on C x C and can be, in particular rational function. 
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4.2 7Z{p, q)—has'ic hypergeometric series related to mero- 
morphic functions 

The problem we set here consists in defining the derivative which leads to a 
generalization of (p, g)— algebras and basic hypergeometric series. Let p 

and q be two positive real numbers such that < q < p. Consider a meromorphic 
function TZ, defined on C x C by 

oo 

n{x,y)= ^kixW (242) 

k,l=-L 

with an eventual isolated singularity at the zero, where rki are complex numbers, 
L G N U {0}, n{p'',q'') > Vn e N, and 7^(l, 1) = 0, and the following linear 
operators defined on 0(0^) [Ml EH [87] by: 

Q : (p I — y Q^{z) = (p{qz) 
P : ip I — )■ Pp{z) = ip{pz) 

0„ : ^^a,.M^^^m^, (243) 

Then, we define the analytic representation of the annihilation operator A, called 
the 7l{p,q)— derivative, by 

dnip,,) := dp,,j^nP, Q) = -l^nipP, qQ)d,,,. (244) 

Using relations fl229p . fl23ip . and (12391) . we define the 7^(p, g)-factors (also called 
7l{p, g)-numbers) by 7?.(p", g"), n = 0, 1, 2, ■ ■ ■ from which we deduce the 7l{p, q)- 
factorials 

^!(P", 9") := I ^(^^ ^) . . . ^^^n^ ^n) ^ > (245) 

and inducing the coefficients c„ and the coherent states map K in the form 



d = (246) 

oo 

Besides, the relations (I24UI) and (124 ip can be readily generalized to take the form 

oo 2 

Exp^(,,,) {V, z) = J2 i^zT (248) 



,2 
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and 



Exp 



'R.[p,q)\ 



E 

n=0 



1 



(249) 



respectively, with the virtue that Cq = Exp^(p g)(0) = 1. Unless we say otherwise 
R will represent the radius of convergence of the series. The equations fl236p and 
remain valid and f|249p is a solution of the TZ{p, g)— difference equation 



(250) 



The following two statements are essential to perform a generalization of the 
(p, g)-binomial theorem. 



Lemma 4.3 Let 



F{z) = 

G(p,g) 



2-7^(l,o)' 

_ pjQ - P)nipp, qQ) + {pp - gg)7^(l, o) 

pQTZipP.qQ) 



(251) 



^/7^(l,0) ^ 0, and 



F{z) = z, 
G(P,Q) = 



qQ - pP 



pQn{pP,qQ) 

if TZ{1,0) = 0. Then the exponential function in 1^249^ satisfies 
Exp^(p,,)(^) = [1 - F{z)G{P, Q)] ^Wnir>,,) (^^ 

Proof 4.2 From definitions \24^ and i244\) ! we deduce 

Q pP-qQ 
P^%Qn{pP,qQ)P 

The action of the operator 1^254^ on the exponential function 1^5]) gives 

qQ - pP 



(252) 



(253) 



(254) 



Exp7e(p,g)(z 



'pQn{pP,qQ) 



Exp 



n{p,g) 



Q 

—z 

p 



which corresponds to the case 7^(1,0) = 0. Now, if TZ{1,0) ^ 0, the identity in 
Ili254\ ) can be rewritten 



1 - z 



7^(l,o) 



'7^(p,g) 



Q_ 1 Q 
P ^7^(1,0)P 
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d- 



pjQ - P)nipp, qQ) + {pp - gg)7^(l, o) q 
pQnipP,qQ)nii,o) p 



d- 



(255) 



which, acting on Exp^^^ ,^-)(2;), leads, after a short computation, to the result: 



p{Q - P)n{pp, qQ) + {pP - gg)7^(l, o) 



^-7^(l,o) 



pQ7Z{pP,qQ)n{l,0) 



p 



Lemma 4.4 Under assumptions of the Lemma \4.3[ 



Exp 



1l{p,q) 



>)=n 



fc=0 



l-F{'L^z)GiP,Q) 



p. 



Exp 



■Rip,q) 



□ 

(256) 
□ 



Proof 4.3 ; It is immediate by induction using Lemma \4.3[ 
Finally, the TZ{p, g)-binomial formula is given through the following statement. 

Theorem 4.5 Let Lemmas \4-3\ and 4-4 satisfied. Then, a generalization of the 
{p., q) — binomial theorem can be expressed as: 



oo _ oo p / n \ 

5: ^(^^w" -n[i-KH 



(257) 

n=0 ' ' n=0 

Proof of theorem 4.1 ; The result follows from ( \256\) . tending n to +oo. □ 
Finally, let us consider the particular case when 7^ is a rational function defined 



by 



X 



l+s~r 



{x-y){cip ^x-diq ^y)...{csP - d^q ^y) 



(25^ 



(_^)i+s r(^^^p irj. _ jj^q ^y) ... {arp - brq ^y) 

where c^; c?!, ■ ■ ■ , (is are complex numbers, r and s being 

non negative integers. Then, the r'7^s(p, ?)— numbers and factorials, as well as the 
coefficients c„ of the corresponding exponential function are readily found to be 



(p" - g")(cip"-i - rfig"~i) . . . (csp"~i - 4g""^) 
"^^^^'^^ ~ ( - {qlpYf^"~"{aip^-^ - 6ig"-i) . . . (a,p"-i - 6,g"-i) ' 
((p, g), (ci, di), ■ ■ ■ , (cs, 4); (p, q))n 



[n] 

V>\K'R.s{p,q) 



(259) 



((ai,6i),---,K,M;(p,g))„ [{-mq/p)^^ 



{{ai,bi),- ■ ■ ,{ar,br)]{p,q))^ r. .s.. , ui^M^+^-r 



" ((p, ?), (ci, c^i), ■ ■ ■ , (cs, 4); (p, g))„ 



TT^, > 1, (260) 
(261) 
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where 



((ai, 61), ■ ■ ■ , {ttr, br); (p, = ((cii, 61); (p, g))„ ■ ■ ■ , ((a^, 6^); (p, 
((ai,6i); (p,g))o = 1 and 



n.-l 



((a,,6,);(p,g))„ = J](a,p^-M') for n > 1. (262) 
Therefore, 



n=0 



proving that the ^'^^(P; 9)~exponential function corresponds to the twin-basic 
hypergeometric series [571 [2l]: 

Exp^7^^(p,g)(z) = r$.((ai, bi), ■ ■ ■ , {ar, br); (ci, di), ■ ■ ■ , (c^, c?^); (p, g); z). (263) 

For r = s + 1, the coherent states map -R',.7^4p,g) and the exponential function 
Exp^7^^(p g) are defined on the unit disc 3i while, for r < s + 1, they are defined 
on the whole complex plane. The exponential function Exp7^(p thus appears as 
a natural generalization of twin-basic (or (p, Q')— ) hypergeometric series. 



4.3 1Z{p,q)— deformed quantum algebras 

In this section, we deal with the study of the TZ{p, q) — deformed quantum alge- 
bra. Relations between the annihilation and creation operators, and the operators 
Q and P as well as the algebra generated by the meromorphic function TZ are 
obtained. Some relevant particular representations recovered in this framework 
are also investigated. 

The use of the relation fl232p and the (7?.(p, g)-factors engenders 
00 

AA^K{z) = J]7^(p"+^g"+^)c„;z"|n) = n{pP,qQ)K{z) 

n=0 

giving 

AA^ = n{pP,qQ). (264) 

By analogy, one can show that 

A^A = 7Z{P,Q). (265) 

If one passes to analytic representation in which Q, P and dp,q are given by 
(12431) . and A'^ acts as mutliplication by z, one obtains the relations: 

AQ = qQA, AP = pPA, (266) 
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QA^ = qA^Q, PA^ = pA^P. (267) 

It is clear that 

QP = PQ. (268) 

So, the 7^(p, g)-deformed quantum algebra is generated by the operators {1, A, 
A\Q, P} that verify the relations f l2M]) -f 



Let us determine the analytic representation of the number operator N. Taking 
into account A^|n) = n\n) and fl222p . one obtains 

Ik (^) = Ik (z) = nz^ = z^ (269) 

implying 

{lj,oNoI^'){z^) = z^. (270) 
Therefore, V/ G 0{]D>Fj) we infer 

{lKoNoI-')f{z) = z^J{z) (271) 

and 

p^f{z)=Pf{z) = f{pz) and q^f{z)=Qfiz) = fiqz) (272) 
for / e 0{Br). 

To sum up, the 7?.(p, g)— deformed quantum algebra is then generated by the 
set of operators {1, A, A^, A^} and the commutation relations 

[A^, A] = -A and [A^, A^] = A^ (273) 

and 

[A, At] = 7^(^)^+^ g^+1) - 7^(p^, g^). (274) 



Remarks 

Particulars cases are readily recovered. 

(i). Odziejewicz generalization [87] is recovered for < g < p = 1. 

Consider the meromorphic function TZ defined on C hy 

oo 

n{z) = ^kz^ (275) 

k=-L 

which may have an isolated singularity at the zero and such that L G NU{0}, 
^(?") > /orn > 0, 7^(0) > 0, and 7^(l) = 0. The following results hold: 
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The TZ{q) - derivative is given by 

dn,) = 9,^nQ) = ^^nqQ)d, (276) 

where Qip{z) = (p{qz) and dq = (fr^- 

The lZ{q) -factors and lZ{q) -factorials are given by 

7^(g") I.e. dnz"" = TZ{q'')z'^-^ for n > 0, (277) 
^'^"^"^ " { TZ{!i) ■ ■■n{q'') for n>l, ^'^^^^ 

respectively. 

The coefficients Cn, the coherent states map K-ji and the exponential 
functions Exp^ are given by 

d = — i-, (279) 

oo 

Kn{z) = y , , (280) 

oo ^ 

Exp^(^;,z) = ^^j^(^z)" (281) 



n=0 

oo 



Exp^(.) = J2 (282) 

respectively. 

The latter exponential function is solution of the q— difference equation 
[n{Q)ExpT^]{z) = zExp^(z), (283) 
and satisfies the following generalization of the q— binomial theorem 



n=0 '^'-^ ' n=0 



cx> ^ oo 

Exp^(z) = ^ = - n^<f)Gm-^ (284) 

where 

F{z) 



z-n{o)' 



^ (9-l)^W) + (l -^Q)^(0) (285) 
QTZ{qQ) 
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for L = 0, and 



F{z) = z, 

for L > 0. 

The quantum algebra AKj^f^^^ generated by the set of operators 
{1, A, A"^ ,Q} satisfies the relations: 

AA^ = n{qQ), (287) 
A^A = n{Q), (288) 

from which one obtains 



|A|| = pt|| = Jsup7^(g-), (289) 

TieN 



for L = 0, i.e. A and are bounded. Due to \281^ and \288^ . A and 
are unbounded if L > 0. 

Indeed, setting 7l{z) = 71{1, z), fl275p readily follows from f l242p . The deriva- 
tive f l276|l is then deduced from (^^. Using f lMHjl . one gets fl277j) and fl278|) . 
Coefficients fl279p and coherent states maps fl280p are obtained from (1246 p 
and fl247p . while the exponential functions in f l248p and f l249p are reduced to 
(128 ip and (I282p . respectively. In the other hand, the g— difference equation 
(I283p is directly obtained from (I250p . In the same way and using Theo- 
rem |4]5l we get the generalization of the g— binomial theorem (I284p . Finally, 
the relations (I287p and (12881) between A, A^ , and Q simply follow from (I264p 
and 



Jagannathan's generalization [57] The main results summarized as fol- 
lows are particular cases of Theorem I4.5[ 



The {p^q) — binomial theorem is: 

'^'"■'■'''■-■'''■'''■-'= ((p.a.);fa,)U - (290) 

The exponential functions, denoted by Cp^g and Ep^g, are 

pn{n- 



oo n(n— 1)/2 

ep,g{z) := i$o((l, 0); -; (p, q);z) = Yl ((Lvir. ^^91) 



n=0 
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Ep,,{z) ■= i<l>o((0, 1); (p, g); -z) = ^ 



°o ^n(n-l)/2 



n=0 



and 



Indeed, if we consider 



ep^q{z)Ep^q{-z) = 1. 



i^o(a;,i/) = ^ 



-X — y 



where < q < p and a, b are complex numbers, then we get 

l7^o(p^g") 



l7^o!(p^g^ 



dpTL 1 _ 1 ' 



and 



((a, 6); (p,g))n' 
^2 ^ ((a,fe); (p,g))n 

{{p,qy,{p,q))n 

[a — b){ap — bq)...{ap'^~^ — bq^~^] 



(292) 
(293) 
(294) 

(295) 

(296) 
(297) 



n=0 
oo 



(p-g)...(p"-g") 



^ ((a,fe); (p,g))n ^„ 



n=0 



where ((a, 6); (p, g))n = (a — 6)(ap — bq)...{ap"- ^ — bq"- meaning that 

Exp^7j,(p,g) = i$o((a, 6); -; {p, q);z). (298) 
In the other hand, since i7^o(l) 0) = 2, we get 



F{z) = ^^ and G(P,g) = ^. 
az — p a 

Then, the application of Theorem 14.51 yields 

z{q/pY 



(299) 



Exp^ 



n 

n=0 

oo 

n 

n=0 

oo 

n 

n=0 
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p — az{q/py 

p — bz{q/pY 
p — az{q/pY 

pp"^ — azq^ 



(a-b) 



Thus, 

- (300) 

So, (I298|l and fl300|) lead to fl290|l . Finally, (]29T|l . fl292|l and f l293|l are straight- 
forwardly obtained. It is worth noticing that one can also consider the mero- 
morphic functions 

l7^o(x,l/) = ^ (301) 

p 

l7^o(x,y) = ^, (302) 

<? 

and use Theorem 14.51 to immediately obtain fl29ip . fl292p and f l293p . 

4.4 7?.(j9, g)— coherent states 

This section aims at proving that the coherent states derived from the coherent 
states map f l247p satisfy the following conditions [H |69l 170] : 

(i) . normalizability (as any vector of Hilbert space) 

(ii) . continuity in the label z, and 

(iii) . existence of a resolution of identity with a positive definite weight function, 

implying that the states form an overcomplete set. 

4.4.1 Normalizability 

The coherent states defined as 



oo 



\z)nM := (Exp^(p,,)(kr))"'^'E ^^,(|,„^^n) ^"l^)- ^^03) 
are normalized so that 

4.4.2 Continuity in z 

The coherent states |-z)-R,(p,5) are continuous in z. Indeed, 

||k)7^(p,9) - W)n{p,q)\\'^ = 1 - 2i?e {n{p,q){z\z')n{p,q)) + 1, (305) 
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where 

■R(p,q) {z I z')n(p,q) = (^Wtzm ( I z n Exp^(p^g) ( )) " Exp^(p 

So, 



II 1 1 2 

z-z'\-)-0 ^ \\\z)Ti^p^g) - \z')TZ(p,g)\\ -^ 0. (306) 



4.4.3 Resolution of identity 

Assume that there exists a positive measure ii on the disc for which the 
resolution of the identity 

JOr ^WTl{p,q){Z, Z) 

holds. 

Proposition 4.6 Ik{'H) is a subspace of the Hilbert space L^(Dj;, ^xp^,. — ^^)- 
Moreover, for (p,ip E Ixi'H) 



{ip\^)= ^{zMz)- —-dij{z,z), (308) 

JOr ^W'R.{p,g)KZ,Z) 

and 

ip{z)= ip{v)ExpT^ {v,z)- ——dn{v,v). (309) 

JDr ^^Pn{p,q)[^^^) 

Proof 4.4 .- Let if G Ik{'H). There exists ( E H such that Ik{0 = ^- So, 



{ip\^) = I ip{z)^{z)^ ——dfi{z,z) 

^^Vnip,q)\Z, z) 

^WTl{p,q)\Z, Z) 

{C\K{z)){K{z)\C)- l^dfi{z,z) 

^^Pn{p,q){z,z} 

JOr ^Wn{p,q)\Z, Z) 

= (C|C) = IICf<oo. 

Therefore, ^ E L^{1D)r, ^^^^^^dfi). 

Thus, since Ik{H) is a vector space as subspace of 0(3^), we conclude that 
Ih'i'H) is a subspace of the Hilbert space L'^(B)ji, ^^^^^ — -dfi). 
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Hence, the scalar product /i308\) is well defined. Moreover, for ip G Ik{'H) and 
z G D/j, we get 

{lK-'o^\Kiv)){Kiv)\Kiz)) 
'^{v)- -—-d^i[v,v). 



□ 



Proposition 4.7 For n, m G N U {0} 

/ ^ . c;/i(^,^)=7^!(p^g")^^,.■ (310) 

Passing to polar coordinate z = ^Jxe^'^^ , we get 



Proof 4.5 .- Forn G NU {0}, 2" G sznce = /i^(V7^!(p", g")|n))(2). 



(^-l^-) = / ^ -dfi(z,z) 



/A-(V7^!(p^g")|n))(^)/^(^H! ^|m))(z) ^^^^ 



Exp7^(p,g)(^,z) 

{K{z)\n){m\K{z)) 



dfi{z, z) 



Exp7^(p,g)(2,2;) 

= V7^!(p^g")y/[m]!7^(p,,)(m|n) 

/rom which Ii310\) follows. Setting z = ^/xe^'^ , < x < and < f < 2tt, we 
get dfj,{z,z) = dfi{y/xe~^'^ , y/xe'^'^) = du{x)dLp and Exp^j-^ 2) = Exp^,p,^(x). 
Then, from 113 10\) and taking m = n we have 



JO ^Wn{p,q)ix) Jo Exp^(p,^)(x) 
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Dividing the left and right sides of the above equalities by 2tt we obtain 11311]} . 
□ 



As in [87] the quantities (131 ip may also be treated as defining properties of tlie 
measure u. Tliis is tlie famous moment problem of finding u from the knowledge 
of the fixed moments 7?.!(p", g"), n = 0, 1, ■ ■ ■. 

It may be interesting to formulate the moment problem in a way more adequate 
for analysis. So, the integration with respect to the measure ^^J^^ — - is replaced 
by the K— integration 

:= 2 TTTa:"+\ (312) 

with some unknown analytic weight function a such that its Taylor expansion 

oo 

a{x) = ^akx'' (313) 

A;=0 

has R as its convergence radius. The K— integration is just the right inverse of the 
K— differentiation, i.e. X.dTi{p,q) = I- Then, instead of looking for a measure dv 
which satisfies (13111) . the problem is to find an analytic function a which satisfies 
the moment conditions 



^^"^(^)U,. = ' for n = 0,1,2,- ••, (314) 



I.e. 

y^WT-^. -— afc= ' for n = 0,l,2,---. (315) 



Remarks 

Special cases can be recovered: 
(i). The {p,q)— algebra of Chakrabarty and Jagannathan [2 



AA^ - qA^A = q-^ AA^ - qA^A = 

[iV, A] = -A [N, A^] = A^ (316) 

affords the associated coherent states 

oo n 



p,q- 
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where 

^^.'?(^) = Et^' (318) 

n=0 ^"JP'"?- 

as well as the {p,q)— number and the {p,q)— factorial given by 

[nU = ^-r^ (319) 
p ^ — q 

and 

[nW = [lU[2U...[nU, (320) 
respectively, taking TZ{x,y) = j^jpjz^- 

Indeed, one obtains relations in fl316p through relations fl273p and fl274[ 
whereas coherent states (131 7p become particular cases of coherent states 
(13031) with the function in (13181) as the analog of the exponential function 
(12491) : the {p, g)— number and {p, g)— factorial are deduced from the 7l{p, q)- 
factors and (I245p . respectively. 

(p, g)— generalization of g— Quesne algebra [521 [^ : 

p-^AA^ - A^A = q-^-^ qAA^ - A^ A = p^+^ 

[N,A] = -A [N,A^] = A^ (321) 

generates the associated coherent states 

oo „ 

k)= (322) 



where 



^vA^^ = T.UQ-^ (323) 

while the {p,q) — number is given by 



=0 



= ^3137' ^'''^ 



setting n{x,y) - 

{p, g; fi, u, /)— deformed states of Hounkonnou and Ngompe [52] : 



[Ar,,(|.P)]-/^5:-P^|n) (325) 

n=o 
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where 

oo 

Z 



K::j(') = Ew¥^^ (326) 
with the {p,q)— number given by 

un n _ -n 

= /(p,^)^^3^, (327) 

such that < pq < 1, p'^ < q"'^ , p > 1, and f a well behaved real and 
non-negative function of deformation parameters p and q, satisfying 

lim /(p,g) = l, (328) 
becomes a particular case in the generalization provided in this work, setting 



TZ{x,y) = f{p,q)^ ''g_j^-i , f being meromorphic. 

From the above mentioned (p, g; z/, /)— deformed states, other deformed 
states known in the htterature can be easily recovered. See [52] for more 
details. 



4.5 T^ip, g)-trigonometric and hyperbolic functions 

From the expression fl249p of the exponential function, we obtain 



Exp7e(p,g)(22) = Yl 



V (~^) ^ I .-y (~^) ^ f329) 

n=0 V-f" ' 'i / n=0 ' ^ ' 



and 



Exp7^(p,g)(-zz) = Yl 



-iz) 



n=0 



n\{p'',q'^) 



^ 7^!(p2n, g2n) ~ ^ X] 7^!(p2n+l^ ^2n+l) " (^30) 

We then define the 7?.(p, g)— cosine, sinus, hyperbolic cosine and sinus functions by 

cos7^(p,,)(^) = J2 vu^2n ^2ny (331) 

n=0 ■ ' ^ ^ 
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smnip,,)iz) = J2 7^,(p2n+i^g2n+i) ' (332) 



COsh7^(p,,) (Z) = J2 ^U^2n ^2n^ (333) 
n=0 ■ ' ^ ^ 



and 

oo 

sinhn^iz) = ^ " , (334) 



respectively. It is readily checked that 



cosn(p,g){z) = ^ [Exp^(p^^)(zz) + Exp^(p^g)(-zz)] , (335) 

1 
2 

Exp7^(p,q) (zz) = cos7e(p,g) (^) + ^ sin7^(p,g) (z) . (337) 
In particular, the Euler formula is expressed as follows: 



I sin7^(p,q) (z) = - [Exp^(p (zz) - Exp^(p^g) (-Z2;)] , (336) 



Exp7^(p,g) {i9) = cosnip,g) (^) + ^ sin7^(p,q) (^) . (338) 
Besides, there follow the relations 

cosh7^(p,g)(2;) = ^ [Exp^(p,^)(z) + Exp^^^p^g^i-z)] , (339) 

smhTz^p^g){iz) = i [Exp7^(pg)(2;) - Exp7^(p ,^)(-2)] , (340) 

Exp7e(p,<y) (2;) = cosh7e(p,,) (z) + sinh7^(p,,) (z). (341) 
The derivatives are immediately expressible from their definition: 

d-jz^p^g) sinh7^(p,g)(a2) = a coshTi^p^g){az), (342) 

d-R.(p,g) coshTi^p^g){az) = -a sinh7^(p,g)(a2;), (343) 

dn{p,q)smTz(^p,g){az) = a cosn{p,q){az) and (344) 

d'R,{p,g)COSTi{p^g){az) = -a smTz^p^g){az), aeC. (345) 
Therefore, the 7?.(p, g)— oscillator equation 

%P,,)/(^)+^'/W = (346) 

can be solved to give the solution 

f{z) = Ci cosTi(^p^g){uJz) + C2 smii{p,q){<^z). (347) 
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4.6 Modified {p, g)-Bessel functions 

The {p, g)— analogues of the g— Bessel functions [551 EB] 



n=0 



can be defined by 



n=0 

oo 



'q. '?^ 



(349) 



where 0<g<j9<l, 2;, sGC with < < 1, and 

a(.|p.,)^ <if-^;)-fa^)'- . (352) 

Remark 4.8 

• ji''\z; |) 7^ g) /or /c = 1,2 since: 



• For p = 1, 

Ji'\z\p,q) = Ji'\z;q) for A; = 1,2. (353) 
So, the {p,q) — Bessel functions generalize the q—Bessel functions f7^ - 
Proposition 4.9 ; The following relation between ji^^ and jf^ holds: 

^-'wp,.)^ ;pg(^'g: 4"MP,.). (354) 
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Proof 4.6 



E 

n=0 



P' 



i(n— 1) ^ '^'^n ^z^2n 



201 I 0,0; ( ^ 



lim 

n— >cxD 



5 + 1 



g z q 



2^s+l 



p 4p 



,2s+3 



1 



E 



-1) 



, 4p2s+3 , 



nr z'q'-^^ \n^^ j^^n ^ g ^nfn.-l') /2j2 



oo / 



2 MV+l. g\ 

3 + 1 , 



(p^+^0);(p,g)oo g (-l)V("-^nf)'"(f;TT)" 



f ); (p, g)^ ^ ((p, g), (p^+i, g^+i); (p, q)\ 
using the following Heine's transformation [7^ : 



20i(a, 6; c; g, 2;) 



{z;q)c 



-ocpii-; c,z;q,cz). 



(355) 



Thus 



E 

n=0 



(_l)ngn(n-l)(|)2n(g^)n 

((p,g), (p"+i,g^+i); (p,g))„ 



E 



p. 



1) ^ ■^^n^z_^2n 



(r+2,o);(p,g)oo ^ ((p,g),(r+Sg^+');(p,g))n' 

Multiplying both sides of this equality by B{s + l\p, g)(|)^ leads to Ili354\ )- 
Proposition 4.10 The following three-term recursion relation: 

S 1 S„1,,S|1 1 -O 



(356) 
□ 



(p2P2 _ g2g2)(p2+^P2 _ g2+^Q2) + _ 



Ji'\z\p,q) = 

_ g^)(pf+ip^ _ gf+iQl) b« (2b,g) + jS(^b,g)l (357) 



is satisfied for the {p, q) — Bessel function Js^\z\p, q). 
Proof 4.7 .- We have 

[piph - gt^i j J^^\z\p, q) 

= -5(s + l|p,g)^ ' 



n=0 



((p,g), (p"+\g"+i); (p,g)), 



2; /2 

2 V2 



-^i-i(2;b,g) 
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(358) 



and 

(^pi+^ph -q^+^Q^y' jW{z\p,q) = ^B{s + l\p,q) 

^ pn(n-l)(_l)-(|)2n+s 



X 



= ^^Si(^b,g)- (359) 



Adding ^MM) (^^d ^MW> o&tam ([g5?y. □ 



5 7^(p, (/)-calculus: differentiation, integration and 
Hopf algebras 



In this section we build a framework for TZ{p, g)-deformed calculus, which pro- 
vides a method of computation for a deformed TZ{p, g)-derivative, generalizing 
known deformed derivatives of analytic function defined on a complex disc as par- 
ticular cases corresponding to conveniently chosen meromorphic functions. Under 
prescribed conditions, we define the TZ{p, g)-derivative. The main result resides in 
the proof that 7l{p, g)-algebra is a Hopf algebra. Relevant examples are also given. 

5.1 lZ{p, q)— factors and their associated quantum algebras 

In the previous chapter (see also [151 [ISl EI] ) we have built the 7l{p, g)— factors 
which are a generalization of Heine g— factors (also called Heine g— number in 
physics literature) 



1 -q'' 

K = YZJ^ n = 0,1,2,- •• (360) 



and Jagannathan-Srinivasa (p, g)— factors [ST] 

f^^-q^^ n = 0,1,2,- ■• (361) 
p-q 

as follows. Let p and q be two positive real numbers such that < q < p < 1. 
Consider, as in the previous chapter, a meromorphic function TZ, defined on C x C 
by 

oo 

n{x,y)= J2 '^'^'^V (362) 

k,l=-L 
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with an eventual isolated singularity at the zero, where rki are complex numbers, 
L e NU {0}, n{p'^,q^) > e N, and 7^(l, 1) = by definition. Then, 
the 7^(p, g)-factors denoted by 7l{p^,q^), n = 0, 1,2,--- are used to deduce the 
7l{p, g)— factorial 

^! (P", ql = I ^^^^ ^) . . . ^^pu^ ^n) ^ > 1^ (363) 

the 7^(p, g)— binomial coefficient 



m 
n 



m, n = 0, 1, 2, ■ ■ ■ , m > n, 



(364) 



and the 7?.(p, g)-exponential function 

oo ^ 

Denote by ={zgC: |;z|<i?}a complex disc and by 0(3r) the set of 
holomorphic functions defined on D^, where R is the radius of convergence of the 
series 



We then define the following linear operators on 0{I])ii) by (see [151 El] ^ind 
references therein): 

Q : ip I — > Q^{z) = ifiiqz), 
P -.ifl — > P(p{z) = ifipz), 

dp,q : ip I — > dp,qip{z) = — _ , (366) 

(p G O(Djj), < g < p < 1, and the 7l{p, g)-derivative by 

dnip,,) := dp,,j^niP, Q) = -|^7^(pP, qQ)dp,,. (367) 

Note that the TZ{p, g)-exponential function is invariant under the action of the 
7l{p, g)-derivative since 

^ „_rOfor n = , s 

- I ^^pn^gn)^n-l fo^ ^^^^ l-^OSj 

In [51], we also studied the 7^(p, g)— deformed quantum algebra generated by the 
set of operators {1, A, A^, A^} and the commutation relations 

[N, A] = -A and [A^, A^] = A^ (369) 
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with 

= 7^(p^+^g^+^), and A+A = 7^(p^, g^). (370) 
This algebra is defined on (9(Dr) as: 

At:=z, A:=dnip,g), N := zd,, (371) 

where dz ■= ■§z is the usual derivative on C Therefore, the following holds: 

Proposition 5.1 

P = p'9z^ Q ^ ^zdz ^372) 

and the algebra A-ji^p^g) generated by {1, z, zdz, d-jK^p^q^} satisfies the relations: 



z dn[p,q) = 7^(P, Q), dn{,p,q) z = n{pP, qQ), 
[zdz, z] = z, [zdz, dTiip,q)] = -dn{p,q)- 



(373) 



Proposition 5.2 // there exist two functions \&i and \I^2 : C x C — > C such that 



'^i{p,q) > for 1 = 1, 2 



n + 1 
k 



J n{p,q) 



n 
k 



■R{p,q) 



n 
k-l 



(374) 

,(375) 



J -Rip.q) 



ha = ■<^i{p,q)ah, xy = -^2{p,q)yx, and [i, j] = for iE{a,b}, jE{x,y} 

(376) 



for quantities a, b, x, y, then 

n 

+ byT = E 



[ax 



k=0 



n 
k 



n—k'Lk„,k^n—k 



a" "b'^y'^x 



(377) 



Tl{p,q) 



Proof: By induction over n. Indeed, the equality fl377p holds for n = 1 since 



[ax + byY = ax + by 
1 



1 




k=0 



a^b^x^ + 

n{p,q) 

^1-kjjkyk^l-k 



a%Yx' 



J nip,q) 



'R.{p,q) 



Suppose that the equality f l377p holds for n < m, this means in particular for 

n = m. 



[ax 



+ hyT = Yl 



k=0 



m 
k 



m—krjt„,k^m—k 



a™ %''y''x 



(378) 



n{p,q) 
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and let us prove that it remains valid for n = m + 1. Indeed, 

{ax + 6^)™+^ = {ax + by)"'{ax + by) 

a'^-H^y^x'^-\ax + hy) 



E 

fc=0 
m r 

E 

fc=0 
m 

E 

fc=0 
m 

E 

fc=0 



n{p,q) 



m 
k 

m 
k 

m 
k 



J 7^(p,g) 



m 
k 



n{p,q) 



J 7^(p,g) 



k=l 



m 

k 



y X' 

^\{p,q)a'^^^-%^y^x'^+^-^ 



n{p,q) 



m— 1 

+ E 

fc=0 '- 



m 
k 



^2~^{P^ q)a"^~^h^^^y^+^x'^-^ + W'^^y'^^^ 



7^(p,g) 
m 



m 
A; 



k=l 



m 
A;- 1 



m+1— fcifc fc m+1— A; , l,m+l„,»Tj+l 



m 



fc=l 



m 




k-1 





m 

^ J7^(p,g) 
^m+l—k^kyk^m+l—k 



k=l 



m 

k 



m+1— fc iM „ ,k m+l—k 



n{p,q) 



5.2 7?.(j9, g)— differential and integration calculi 
5.2.1 Differential calculus 

We define a linear operator d-jK^p^q) on ATi{;p,q) by 

dn{p,q) = {dz)dTi(^p^q). 

It follows that 

dn{p,q)^ = 0, rf7^(p,g)^ = {dz)n{p,q), dTi{p,q)dTi(p,q) = {dz)d': 



n{p,q) 
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dn{p,q){zdz) = {dz){zd^ + l)dn{j>,q) and rf^(p,<y) = 0. (380) 

Hence, the set of zero-forms {An{p,q)) is naturally An{p,q), while a one form 
element of Q}{ATi{p,q)), is given by 

u = {dz)uo{z, zdz, dn{p,q)), (381) 

where u:o{z, zd^,dn{p,q)) = J2Z,k=o(^ijk{zy{zd^y{dTi{p,q))'' with aijk belonging to 
C. Therefore, rfw = for w G fl^ {Aii{p,q)) ■ 

Proposition 5.3 For a nonnegative integer n, the following equalities hold: 

dn^,,,){z-) = {dz)n{p-,q-)z-~\ 

dnp,q){zd,r = {dz){zd, + irdnip,q), (382) 
dnpAdn{p,q)) = 

Moreover if f E (9(D/j) then 

dn{p,q)fiz) = {dz)d'ji{p,q)fiz). (383) 

Proof: The equalities in fl382p follow from the definition of the TZ{p, q)— derivative 
(13671) . the commutation relations (13731) and the definition of the differential (I379p . 
Then, fM) follows by definition dSSZD- □ 

Proposition 5.4 The differential d-^Kj^^g) obeys the two following equivalent Leibniz 
rules 

dnip,q)U9) = (^^) ppI^g ^(P-P^ lQ) {dpMMPg) + iQf)idpM)} , (384) 

dnip,q){f9) = {dz)^^^n{pP,qQ){{d,M))m + iPf)idp,q{9))}- (385) 
for f,geO{3R). 
Proof: This follows from 



dp,q{f9) = {dpMmg) + iPf)idpM) = (dpMKPg) + iQf){dpM). 

□ 
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5.2.2 7?.(p, g)-integration 

We define the operator ^n{p,q) over 0(I}r) as the inverse image of the TZ{p, q)- 
derivative. For elements 2" of the basis of (9(Dr), ^'R.{p,q) acts as follows: 

:= (dnM) " = nipr^^\q--^^f ^' + ^^^^^ 

where tt, > and c is an integration constant. 
Hence, if / G 0(Dr) then 

^np,<i) 9'ji{p,q)f{z) = fiz) + c and d-ji^p^q) iTi^p^q-) f (z) = f{z) + c', (387) 

where c and c' are integration constants. 

Provided that Tl{P, Q) is invertible, one can define the TZ{p, g)-integration by 
the following formula 

27e(p,g) =7^"'(P,Q) ^, (388) 

with c = c' = 0. 

One can also derive the definite integrals: 

r-/3 



[ f{z)dn{p,q)Z=In{p,q){f3)-Inp,q)f{a), a,/?^©^; (389) 

J a 

r+oo rp"/q" 

/ f{z)dn(p,q)Z = lim / f {z)dn{p,q)z; (390) 

J a J a 

/+00 ni^lq^ 
f{z)dn(p,q)Z = lim / f{z)dTz{p,q)Z. (391) 

Moreover, the Eqs. ( 13841) and fl385p lead to the following formulae: 

^Ti{p,q) dn{p,q)U{z)g{z)) = f{z)g{z) + c (392) 

= Mp,,) {^^^npP,QQ){dpM)){P9)] 
+Mp,,) ^^^npP,QQ){iQf)idp,q{9))} 

and 

Inp,q) dn(p,q){f{z)g{z)) = f{z)g{z) + c (393) 

= Mp,q) [^^^npP,qQ)idpM))m^ 
+Mp,,) ppZIq ^pP, qQ) {{PmpM)} , 

respectively. These relation can be viewed as formulae of integration by parts. 
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5.3 g)-Hopf algebra 

The aim of this section is to estabhsh conditions for which the TZ{p, g)-algebra 
carries a Hopf algebra structure. This is summarized in a theorem given below. 
Remind first that the algebra ATi{p,q) will be a Hopf algebra if it admits operations 
of homomorphisms of a co-product A, a counit e and an anti-homomorphism of 
an antipode S P: 

A : Anip,g) Aiz{p,q) ® An{p,q) , ^(^1^2) = A(f]i) A(fi2); 

e : Anip,q) C , 6(^1^2) = ^{^^^2); (394) 

S : An(p,q) ^A'R,{p,q) , 8(^1^2) = S(fi2)S(f2i) 

satisfying 

(id® A)A(n) = (A®id)A(fi), (395) 
(id® e)A(l]) = = (e(8)id)A(fi), (396) 
m((id ® S) A(fi)) = m((S ® id)A(fi)) = e(fi)l, (397) 

for all Q, Qi,Q2 ^ A-jK^p^q). To prove this it is sufficient to show that these relations 
are satisfied by the generators governing the considered algebra. See [23] and 
references therein. 

Let the Leibniz rule be written as 

{dnip,q)f9){z) = {dn,pJXzm{f'%q^'^)g{z) (398) 

+ {^{f'%q''^)f{z))^^^^p,q)g{z), 

for f,g & (9(D/j), where ^I/(.,.) and \&(.,.) are meromorphic functions. Let the 
coproduct A, the counit e, and the antipode S be defined as follows: 

A{A) = aA^ ^(p°i^, + a§(p^^^, q^^^) ® A, (399) 

A{A^) = PA^ ® ^(/i^, q^'^) + ^^(/i^, q^'^) ® A^ , (400) 

A(iV) = A^® 1 + 1 ® A^ + rl ® 1, (401) 

A(l) = 1 ® 1, (402) 

e{A) = 0, e(v4^) = 0, e{N) = -r, e(l) = 1 (403) 

S{A) = -siA, S{A^) = -SiA\ S{N) = -N - 2rl, S(l) = 1,(404) 

where Oj, a^, /3j {i = 1,2) and si, Si a, a, /3, (3 and r are real constants such 
that the following equations hold: 

a^(p-™\g"™2) = 1, a^(p-™\g-™2) = 1, (405) 
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= 1, (3^{p-^^\q-^^^) = 1, (406) 

a(3 = 1, a(3 = 1, (407) 

A(^(p"i^, g°2^)) = a^(p°i^, g"2^) ® ^(p^^^, g"^^), (408) 

A(^(p°^^, g°2^)) = a^(/^^, g°2^) ® ^(p"^^, g"^^) (409) 

A(*(p^^^, g/^^^)) = /3^(p^^^, q"'^) ® ^(/^^, g^^^), (410) 

A(§(/^^, g'^^^)) = ;g§(p'^^^, g^^^) ® §(p'^^^, g^^^), (411) 

sia^(p"i(^+i), g°^(^+i)) = a^(p-"i(^+2"), g-°2(^+2r))^ ^4^2) 

c^(p-"i(^+2-),g-2(Af+2.)) ^ si«^'(/^(^-i),g"^(^-i)), (413) 

5^/3^(p-^i(^-i), ^-/3.(iv-i)) ^ ^^^pMN+2r)^ q^^(^+^-)).. (415) 
Then the following main statement is true: 

Theorem 5.5 The more general deformed algebra generated by {1, A^, A, A'^} sat- 
isfying: 

[N, A] = -A, [N, A^ = A^ [A, A% = AA^ + -/A^A, (416) 
where 'j is a real constant such that 

^(^phN^ ^hN^ ^ ^(j9"i^, g°2^) = (417) 

7^(p^^^,g"^^)®^(p''i^,g^^^), 

zs a i/oj)/ algebra. 
Proof: Notice first that 



where 9 = p, g, so that, for A = a, (3 and A = a, /3. 

^^(pAiTV^^A^iV) = ^(p^i(^+i),g^2(^+i))A 

^§(p^l^,g^2^) = §(p^i(^+l),g^2(7V+l))^^ 

^t^(p^^^, g^^^) = ^(/^(^-i), g^^(^-^))it, (420) 
At^(p^i^,g^2^) = ^(/i(^-i),g^2(^-i))At. 
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Let us now prove that the above definitions of coproduct, counit and antipode 
satisfy the properties fl395|l -fl397D for e {A,A\N, 1}. Indeed, 
>hYoiVt = N and using fl40TD and fl402|) . we have 

(id®A)A(iV) = (id® A)(iV(g)l + l®iV + rl®l) 

= iV® A(l) + 1® A(iV) + rl® A(l) 

= A^(g)l(g)l + l(g)A^(g)l + l0l(g)A^ + 2rl (g) 1 (g) 1 

= A(A^)®1 + A(l)®iV + rA(l)®l 

= (A(8)id)(iV(g)l + l(g)iV + rl(g)l) 

= (A®id)A(A^). 

So, (I395P is satisfied. Also, 

(id(g)e)A(A^) = (id O e)(iV (g) 1 + 1 O iV + rl O 1) 
= N ® e{l) + 1 ® e{N) + t1 ® e{l) 

= N(g)l-Tl®l + Tl(g)l = N 

and 

(e(g)id)A(iV) = (e(g)id)(A^(g) 1 + 1 (g A^ + rl (g 1) 

= e(iV) ® 1 + e(l) ® iV + re(l) ® 1 

= -r(gl + l(giV(gr(gl = A^, 

where we use (14011) and the fact that e(A^) = — r. Hence, satisfies (13961) . Next, 

m((id(gS)A(iV)) = m((id ® S)(iV ® 1 + 1 ® iV + rl ® 1)) 
= m(Ar®S(l) + l®S(iV) + rl0S(l)) 
= m(A^ (g 1 - 1 (g iV - 2rl (g 1 + rl (g 1) 
= -rm(l ® 1) = -rl = e(iV)l, 

and similarly 

m((S ® id)A(A^)) = -rm(l ® 1) = -rl = e(iV)l, 

where we use (140 ip and the fact that S(A^) = —N — 2rl. Therefore N satisfies 
(1397D. 

^ For Q = A, we have 

(id®A)A(A) = (id® A)(aA®^(p"i^,g"2^) + a§(/i^,g°2^) ®A) 

= aA® A(^(p"^^, g"^^)) + a§(/^^, g"^^) ® A(v4) 
= aA® A(^(p°^^,g°2JV)) 
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aiN a2N\ 



A 



5 A (g) \l>(p' 



(A 

(A®id)A(A) 



where we use 



and the fact that a, a, a,- and a,- 



flM and (Unni). Hence, ([3251) holds. 
The property (13961) also holds since 



1,2) satisfy equations 



id) A (A) 



{ae ® id) (A ® q"'^) + g"^^) 



A = a'^ip" 



■aiT —a2T 



(id (g) e)(aA ® ^(p"^^, g"^^) + a^(p"^^, g"^^) » A) 
(id®e)A(A), 



where the use of 



(HU5i) and (UnSD has been made. 



A satisfies also property (13971) since 

m((S ® id)A(A)) = m((S ® id)(av4 ® ^(p^^^, g"^^) 



+a^(p"i^,g'^2^) ® A) 
m(aS(A) (8)^(p"i^,g"2^) 



aS(^(/^^,g°2^)) ® A) 



-SiaA^(p"^^, g°2^) + aS(#(p"^^, q^^^))A 
O.A = e{A)l = AO 

A U^(p-"^(^+2r)^^-a,(7V+2r)) _ ^^^^ (/i (^^"1) , g-2(Af-l) ) 

aAS(^(p"^^, g"2^)) - sia^(p"^^, g"^^)A 
m(aA ® S(*(p"^^, g"^^)) + fi§(/^^ -"^a^^ 



A 



S(A)) 



m((id ® S){aA ® ^(p"^^, g"^^) 
m((id®S)A(A)), 



a^{p'^'^,q^^^)(S)A)) 



where we use (I399p . (I404p and the fact that Si, a, a, ai and cti {i = 1,2) satisfy 
equations fjiT^ and fliT^ . 
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^ For = A\ one can perform the same computations and use fl400p . fl406p . 
(14031) . (14041) . (14T0D . (14TTD . gUD and (glSD to prove that ([395D-(l397D also hold. 
^ Computing A(A)A(A^) and A(A1')A(A) we obtain: 

A(A)A(A^) = (aA® + ® A) 

= a^AA^ (g) *(p"i^,g°2^)^(/i^,g''2^) 

and 

A{A^)A{A) = {/3A^ (g^{p^'^,q^^^) + P^{p^''',q^^^)®A^) 

g"2^) ® g^2^)A 

respectively. Thus, 

A{A)A{A^) - -fA{A^)A{A) 

= aPiAA^ - ^A^A) (g) ^(p"^^, g"^^)^(p''i^, g^^^) 

Therefore, [A, A^]^ = AA"'' — 'jA'^A implies 

A{[A, A^]^) = [A, A%(g^{p'''^,q''^^)^{p'''^,q^^^) (421) 
+§(p"^^,g"^^)§(/^^,g'^2^) ® [A A^]^ 

provided that 
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a/3 = 1, and af3 = 

or 

a/3 = 1, and a/3 = 1, 
which are (14181) . (14191) and (I406|) . respectively. □ 



5.4 Relevant particular cases 

Let us now apply the above general formalism to particular deformed algebras, 
well spred in the literature. 

5.4.1 Jagannathan-Srinivasa deformation 

A. Taking TZ{x,y) = we obtain the Jagannathan-Srinivasa {p,q)- factors 



and (p, g)-factorials 



and 



p — q 



1 for n = 
M'p,9 = \ aP,g);iP,q))n r ^ ^ (422) 
{p-q)" — ' 

respectively. 

Referring the readers to [ST] for details on (p, g)-calculus, let us restrict the 
present description to some new relevant properties. 

Proposition 5.6 If n and m are nonnegative integers, then 

fc=0 

[n + m]p^g = g"" [n]p,g + [m]p,g 

[-mU = -g->-'"N,,,, (423) 
[n-mU = q^'^inU - q-'^p''-'^[mU 

= p-''>U-q''-"'p-"'Hp,„ 



Mp,g = [2]p,gh - l]p,g -pq[n- 2] 



p,q- 
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Proposition 5.7 The {p,q) — binomial coefficients 



, < < n; n e N, (424) 



where {{p, q); {p, q))m = {p — (l){p^ " 'f) ' ' ' (p™ — q^), m G N satisfy the 
following identities 



(425) 



n 




n 




k 




n — k 


PA 



p 



k(n—k) 



n 
k 



" n + 1 " 






k 




= p^ 




PA 




' n + l' 






k 


PA 


= P' 



n 
k 

n 
k 



+ q 



= p 

q/p 

n+l-k 



k{n—k) 



n 

n — k 



iIp 



PA 



+ P 



PA 



n+l-k 

n — 1 
k-1 



n 
k-l 

n 

k-l 



PA 



PA 



PA 



(426) 
(427) 



with 



n 
k 



{q/p- q/p)n 



q/p {(iIpi <i/p)k{q/p; q/p)n-k ' 



where {q/p; q/p)n = (1 ~ q/p){^ — Q'^/p^) ■ ■ ■ (1 — q"^ /p^) and the {p, q)-shifted 
factorial 

((o,*);(p,9))„ = {a-b)(,ap-bq)---{ap"-^-bq"-') 



E 

k=0 



n 
k 



(^_l^kp{n-k){n-k-l)/2^k(k~l)/2^n-ki^k_ 



PA 



Proposition 5.8 // the quantities x, y, a and b are such that xy = qyx, 
ba = pab, [i, j] = for i G {a, 6} and j G {x,y}, and, moreover, p and q 
commute with each element of the set {a,b,x,y}, then 



(ax 



+ byr = E 



fc=0 



n 
k 



n—kik„,k^n—k 



a^'-'b'y^x 



(428) 



PA 



The latter result is a generalization of noncommutative form of the g-binomial 
theorem [H], which can be obtained setting a, b and p equal to 1, i.e. 



+yr = Y: 



k=0 
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n 
k 



yk^n k^ 



(429) 



where 



n 
k 



with (g; g)„ = (1 - g)(l - g2) . . . (l _ ^n)_ 

Proof of Proposition 15.81 A proof has been proposed in [57]. Here we 
provide another one by induction on n. Indeed, the result is true for n = 1. 
Suppose it remains vahd for all n < m and prove that this is also true for 
n = m + 1: 



{ax + hyY'^^ = {ax + by)"'{ax + by) 

m 



E 

fc=0 
m r 

E 

fc=0 
m 

E 

fc=0 



k 

m 
k 

m 
k 



^m-fc^fc^fc^m-fc^^^ + by) 



p,q 



p,q 



^m-k^m-k^k+lyk+l^m~k 



k=l 



m 
k 



pk ^m+l~kjjkyk ^m+l—k 



-I p,q 



m 

k 



m—1 

fc=0 -'p.'? 

m 



gTi-fc^m-fc^fc+l^fc+l^m-fc _|_ ^m+l^m+1 





m 




m 






k 


^m+l-k 


k-1 


p,q) 


V 




p,g 







k=l 



m+l—k-ik k m+l—k 



'b^y^x'' 



k=l 



m + 1 
A; 



m+l—krk k m+l—k 



b^y^x" 



p,<i 



Lm+l m+l 



m+1 r 

m + 1 
A; 



E 

fc=0 



m+l — fcr fc fc m+l — fc 



P."? 



where the use of (1426^ has been made. Hence the result is true for all n eN. 
□ 

The 7?.(p, g)— derivative is thus reduced to the (p, g)— derivative [57] 

1 



p,<i 



{p-q)z 



{P-Q): 



namely, for / e C(Dij) 



dp,qf{z) 



f{pz) - fjqz) 
z{p - q) 



(430) 



(431) 
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The associated algebra Ap^q, generated by {1, A, A\ N}, satisfies the rela- 
tions: 

AA^ - pA^A = q^, AA^ - qA^A = (432) 
[N, A^] = A^ [N, A] = -A, (433) 

and its realization on C(D^), engendered by {1, z, zd^, dp^g}, satisfies the 
relations 

z dp^g - p dp^g z = g'^'^" z dp^g - q dp^g z = p^^" 

[zdz, z\= z [zd^, dp^g] = -dp^g. (434) 

Therefore, the differential operator dp^g is then given by 

dp^g = (dz) . ^ . (P - Q) (435) 
[p - q)z 

with the following properties: 

dp^ql = 0, dp^gZ = {dz), dp^gdp^g = {dz)dlg (436) 
dp,g{zdz) = {dz){zdz + l)dp^g and d^g = 0. 

The differential of / G 0{Br) is then 

, X / , ^f{pz) - f{qz) 

dp,qf{z) = [dz) — ^ (437) 

{p-q)z 

affording the Leibniz rule 

dpM9){z) = {dz)l^^^l^-^g{qz) (438) 

{p-q)z 

, / , w/ .9{pz) -g{qz) 
+ {dz)f{pz) 



{p - q)z 

{dp,gf{z)} ■ g{qz) + f{pz) ■ dp,qg{z) 



or, equivalently. 



dp,q{fg)iz) = {dz)l^^^p-J^g{pz) (439) 

[p - q)z 

, / , w/ ^ 9{pz) -g{qz) 

+ {dz)f{qz) — ^ 

[p - q)z 

= {dp,qf{z)} ■ g{pz) + fiqz) ■ dp^gg{z). 
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The (p, g)— integration is obtained from fl388p as follows: 

WW = i^^fi^) = iP-<l)T.^i'f(') (440) 

oo 

Setting p = 1, one recovers the g— derivative and g— integral of Jackson |74] . 

B. Tacking 7l{x, y) = where a, 6 G C with a b, the 7^(p, g)-factors are 

given by 



-X y 



nip"", g") = [n];'' = ^" f ^ , n = 0, 1, ■ ■ ■ . (441) 



The TZ{p, g)-factorials become 

1 for n = 

((p.g);(p.g))n 

{{a,b);{p,q))n 

The derivative is now given by 



riKi = \ aP,&,iP,'i)U for n > 1 (^^^^ 



. p-g P-g 1 P-Q 

^ r) n ^ n n ^ 



so that for / G (9(©/j) we have 

p 

^ oo 

= -{P -Q){pY.^hplaqnQlPYf{z) 

oo 
oo 

= - J2(^P/aqr [f {{q/prz) - f {{q/pr'z)] . 

u=0 



Moreover, 



n 

P-Q 



Mp,q) = \ ^ ^- (445) 
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Applying this to / G we obtain 



P (1 J t^r. 



oo 

Y.[{a/p){q/przf{{q/qr 



-{b/q)iq/pr'zf{{q/pr^')] 



= i^/p) Y.^qlPr [af iiq/qTz) - bf ((g/p)^+^)] • 

Let us display the Hopf algebra structure of Jagannathan-Srinivasa algebra 
according to the theorem 15.51 To this end notice first that the Leibniz rule of the 
derivative is given by 

dpAf9)i^) = {d,J{zW^g{z) + {q^'^ f {z))dp,qg{z) (447) 

from which we deduce = x and y) = y. So, 02 = 0, ai = 0, = 

and /3i = 0. Equations fHUHjl -fHOTD yield 

a=p"i^ a = q^^\ (3 = p^'\ P = q^^^ (448) 
r(ai + /3i) = and r(a2 + h) = 0, (449) 

while equations fl412l) - fl415p are reduced to 
Therefore, 

«! = (52 = /3i = /32 = 0, a = a = /3 = /3 = si = si = l (450) 

and equations (HUgD -diTTD are satisfied and (IM - fHig]) yield 7 = 1. Thus, the 
coproduct, the counit and the antipode are given by 

A{A) = A^l + l^A, (451) 
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A{A^) = ® 1 + 1 (g) A\ (452) 

A{N) = N ®1 + 1^N + t1^ 1, (453) 

A(l) = 1 ® 1, (454) 

e{A) = 0, e{A^) = 0, e(A^) = -r, e(l) = 1 (455) 

S{A) = -A, S{A^) = -A\ S{N) = -N- 2rl, S(l) = 1 (456) 

respectively, where r is a real number, usually set equal to 0. 

5.4.2 Chakrabarty and Jagannathan deformation 

The algebra of Chakrabarty and Jagannathan [21j is obtained by taking TZ{x, y) 
= j^prz^- Indeed, the TZ{p, g)-factors and TZ{p, g)-factorials are reduced to (p~\ q)- 
factors and (p~^, g)-factorials, namely 

p L _ q 

and 

{1 for n = 
iip-\<i);ip-\i))n „ > 1 (457) 

respectively. The properties of this deformation can be readily recovered from the 

previous section 15.4.11 by replacing the parameter p by p~^. 

The 7^(p, g)— derivative is also reduced to (p~^, g)— derivative. Indeed, 

^ (p-1 - Q) =: (458) 



(p-i - q)z 
Therefore, for / G C»(Dr) 



and the differential of / G 0{Pr) is given by 

J{ p-^z) - f{q z) 
z{p-^ - q) 

Computing the Leibniz rule we get 

J{ p-^z) - f{q z) 
z{p-^ - q) 



= {dz y''^.:i~T - (460) 



d,-.Mg){z) = {dz y'\,J, T 9{qz) (461) 



+ {dz)f{p z) —- ^ — 

z{p - q) 

77 



{dp-\gfiz)} ■ g{qz) + f{p ^z) ■ dp-i^gg{z) 



or, equivalently, 



d,-.M9){z) = ^"^'^ ^^^''^plJq^'^ aip-'z) (462) 

, \ff \9{P~^z) -g{qz) 
+ [dz)f[qz) —- ^ — 

= {dp-^,qfiz)} ■ 9{v'^z) + f{qz) ■ dp-i^qg{z). 

We obtain from fl388p the action of the g)-integration on / G as 
follows: 

_1 oo 

= |zr^^/(^) = (p"'-?)E^'^^^"''^/(^) (463) 



i/=0 



v=0 

The same Hopf algebra structure as that of Jagannathan-Srinivasa is also ob- 
tained for Chakrabarty and Jagannathan deformation. 

5.4.3 Generalized g-Quesne deformation 

The generalized Quesne algebra [531 ES] is found by taking lZ{x, y) = (^z^^ry^- 
Indeed, the (p, g)-Quesne factors and factorials are given by 



n 



and 



„ I 1 for n = 

= I ((^-^-M^;^:-))- for n>l, ^^^^^ 

respectively. There follow some relevant new properties: 
Proposition 5.9 Ifn and m are nonnegative integers, then 

[-m]^, = -p-^g'-Ng,, (465) 
[n + m]Q^ = g-'"[n]«,+p"[mg, = p-Ng^ + g-"[m]^«,, (466) 



(467) 
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Proof: We obtain Eqs.f l465|) and (14661) applying the relations 
and 



respectively. Eq. fl467p follows combining Eqs. (14651) and (14661) . Note that 



p — p — q^^ q — p~^ 



n]« n = l,2,--- (469) 



which, combined with the following identity 
gives Eq. lH^ . 

Proposition 5.10 The {p,q)-Quesne binomial coefficients 
nl^ ((p,g-^);(p,g-^))„ 

k Jp^g ((p,g'^);(p,g-^))fc((p,g-^);(p,g-^))n-fc' 



where < k < n, n G N, satisfy the following properties: 

k{n—k) 





Q 




Q 


n 




n 




k 




n — k 













p 



n 
k 



l/qp 



P 



k(n—k) 



n 

n — k 



' n + l' 






n 


k 




= / 


k 




p,q 






'n + l' 


Q 




n 


k 




= / 


k 














-ip"- 



PA 



+ P 



P,Q 



J l/qp 
n-l+fc 

n+l-k 

n — 1 
k - 1 



n 
k-1 

n 
k-1 
Q 

-I P,9 



Proof: This is direct using the Proposition 15.61 and 



n 


Q 


n 




k 


P.9 


k 


p,q 



□ 



(470) 



(471) 



(472) 



(473) 

□ 
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Proposition 5.11 // the quantities x, y, a and h are such that xy = q~^yx, 
ha = pah, [i, j] = for i G {a, h} and j G {x, y}, and, moreover, p and q commute 
with each element of the set {a,h,x,y}, then 



(ax 



k=0 



n 
k 



n—kik„,kn—k 



a^'-'h'y'x 



(474) 



Proof: By induction on n. Indeed, tlie result is true for n = 1. Suppose it remains 
valid for n < m and prove that this is also true for n = m + 1 : 



{ax + hy) 



m+l 



ax + hy)^{ax + hy) 

a^-H^y^x'^-^iax + hy) 



A:=0 
m 

E 

fc=0 



fc=0 '- 



m 




k 




m 


Q 


k 


p,<i 


m 


k 



^k^,n+l-k^kyk^,n+l-k 
Q 

^—m+k ^m—k^k+lyk+l ^m—k 



m 



m 
k 



k m+l—kr^k k m+l—k 



k=l ^ -lP.9 
m-1 r -| Q 

m+k m—krk+l k+1 m—k , vm+1 m+l 



m 

k 



k=0 



P,<1 
m 



q~m+k^m~k^k+Vyk+l^m-k ^ ^m+i^. 
Q 



+q 



-m—l+k 



k=l 

m 

k-1 





m 


V 


k 



E 

k=l 



p,g/ 
m + l 
k 



Q 

^m+l-k-^k yk ^m+l—k 

P,<1 



L-m+1 m+l 



+h"'+'y' 

m+l r , 

m + l 
k 



E 

k=0 



m+l— fc hk „ .k ^m+l—k 



P,<1 



where the use of fl472p has been made. Therefore the result is true for all n G N.D 
The (p, g)— Quesne derivative is given by 



p-q PQ-1 



d'^ = d - 



(475) 
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Therefore, for / G C(D_r) 

fipz) - fiq-'z) 



z{q — p ^ 

and the differential is given by 



= ^^^^^TT^Z^K^ (476) 



ii,m ^ (^^) ^^%-JX^ (477) 



leading to the Leibniz rule 



p,q 



U9){z) = {dz)l^^^^J^g{q-'z) (478) 
z[q-p 1) 

, . , w/ ^ 9{pz) -gjq-^z) 

+ [dz)f [pz) — — 

z{q-p 1) 

= {d^Jiz)}-giq-'z) + f{pz)-d^^^giz) 



or, equivalently. 



d^fgm = {dz)^^^^^l^-J^^g{pz) (479) 

+(rf.)/(«-.)^^4^^ 

z{q-p~^) 

= {dlJ{z)}.g{pz) + f{q~^z).dl^g{z). 

The action of the (p, g)— Quesne integration on / e 0{Br) is obtained from (1388^ 
as follows: 

-1 



^J{^) = ^^^zf{z) = ip~'-q)J2P''Q''^'zf{z) (480) 

oo 



The same structure of Hopf algebra as for Jagannathan-Srinivasa is also found 
for the generalized g— Quesne deformation. 

5.4.4 (p, g; /i, I/, /i)— deformation 

The deformed Hounkonnou-Ngompe [52] algebra is obtained by taking 

y'^ xy — 1 



n{x,y) = h{p,q) 



x^^ {q — p ^)y ' 
81 



such that < pq < 1, < q"'^, p > 1, and h{p,q) is a well behaved real and 
non-negative function of deformation parameters p and q such that h{p, g) — >■ 1 as 
(P) q) ~^ (1) !)• Here the TZ{p, g)— factors become {p, q; /i, u, /i)-factors, namely 

= MP, (481) 



Proposition 5.12 T/ie {p,q; fi,i',h)— factors verify the following properties, for 
m,n & N: 

„—2vm+m 

[-<ln = -l=^MZ,n. (482) 



„vim—m „vn 



„um „un—n 

y r lU.i/ I y r -\u,u 



g—um+m gu{n—2iri)+m 

[^~^\p,q,h = p-^rn ~ ptiin-2m)-n+m. ^'^V,q,h (484) 

„—vm „v{n—2m)—n+m 

y r -lUM y r -lUM 

— \nU, -, — mr 



p-fim+m I- Jp.iJ,^ pfj,(n-2m.)+m ^ h,q,h^ 



\n 



q — p ^ q ^ 



p,q,h p - q-^ p~i^ h{j),q) 



2u-l 



p 



,2u~l 



\n 



Proof: This is direct using the Proposition 15.91 and the fact that 



2];:;.- (485) 



\n 



p,q,h 



q 

h(P^l)^\-'''\p,q,h- 



(486) 
□ 



Proposition 5.13 The {p,q, fijUjh)— binomial coefficients 



n 
k 



KfqA'- 



q 



vk(n~k) 



,q,H K':j[n - kr,:,,u'- v^'^-'^ 



n 
k 



Q 



-I p,q 



(487) 
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where < A; < n, n G N, satisfy the following properties: 



n 
k 

n + 1 
k 

n + 1 
k 



p,q,h 
J p,q,h 
^p,q,h 



n 

n — k 



p,q,h 



q 



uk 



P 



(M-l)fc 



q 



vk 



P 



n 
k 

n 
k 



+ 



(i/-l){n+l~k) 



J p,q,h 
fj,,u 

J p,q,h 



,/^(n+l-fc) 
,j^(n+l— fc) 



p' 



(/i-l){n+l-fc) 



n 






k - 


1 


p,q,h 










fl,!/ 


n 






k- 


1 


p,q,h 







(488) 
(489) 
(490) 



n — 1 

k-1 



p,q,h 



Proof: This is direct using the Proposition 15.101 and the fact that 

n(n+l)/2 



where the use of Eq. (148 6 p has been made. 



n 



p,r'> 



(491) 



□ 



Proposition 5.14 // the quantities x, y, a and b are such that xy = yx, 



ha 



—ah, [i, j] = for i G {a,h} and j G {x,y}, and, moreover, p and q 



commute with each element of the set {a,h,x,y}, then 



[ax 



+ byf = E 



k=0 



n 
k 



a^'-^h^y'^x''-^ 



(492) 



J p,q,h 



Proof: By induction on n. Indeed, the result is true for n = 1. Suppose it remains 
vahd for n < m and prove that this is also true for n = m + 1 : 



{ax + hy) 



m+l 



ax + hy)'^{ax + hy) 

a^-kh^y^x'^-^{ax + hy) 

p,q,h 

q „m+l-kik k m+l-k 

" y 

p,q,h " 



E 

fe=0 
m 

E 

k=0 



m 
k 

m 
k 



k=0 



m 
k 



M't^ Ju-l){m-k) 

q ^m—k^k+lyk+l^m—k 



I, P' 

p,q,h 
m r 

m 



fli{m—k) 



k=l 



uk 



p,q,h 



q 



(M-i)fe 
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m 
k 



M.i' {u-l)(m-k) 

y ^m—k^k+lyk+l^m—k 



p,q,h 



P 



p{m-k) 



m— 1 

fc=0 
_|_^m+l^m+l 

m 



fc=l 



/ qUk 


m 




k 



(i/-l){m+l-fc) 


m 


IJ,,U \ 


p/j(m+l— fc) 


k-l 


p,q,hj 



fc=i 



m + 1 
A; 



^m+l—kjjkyk^m+l—k 
m+l—kr^k k m+l—k 



_|_^m+l^m+l 
m+1 r , , - 

m + 1 



E 

fc=0 



m+l— fe lM„,k m+l—k 



where the use of (148 9 p has been made. Therefore, the result is true for all n G N. 
□ 

The TZ{p, g)-derivative is then reduced to the {p, q; fi, u, /i)— derivative, given by 



a 



''Jl{p,q) 



o„n— T^h[p, q) 



{P ~ Q J = ^p q f^ 



(493) 



{q — p^^)z 



Therefore the (p, /i, i^, /i)— derivative and the (p, g; /i, z/, /i)— differential of / G 
C(Dr) are given by 



dplh = hip, q) 



and 



dp,q,hf{z) = {dz)h{p,q) 
respectively, with the Leibniz rule 

= idz)h{p,q) 



fjzq'^/p^-') - fizq^-'/p^ 
z{q-p^^) 

fizq'^lp^-^) - fizq-'-'/p^^) 



z{q-p ^) 



f{zq'^/p^-^) - f{zq--^/p^) 



(494) 



(495) 



z(g-p-i) 9{zq^~'lPn 
+ [dz)fXzqVp^~^)hZ /^^^ 

= ■ 9{zq''-'ipn + /(ivi^^^^) ■ 
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which is equivalent to 



dp,g,hif9){z) = {dz)h{p,q) _ ^-i-^ g{zq /p" ] 



From fl388p we obtain the action of the (p, g, /i, z/, /i)-integration on / G (9(D/j) as 
follows: 

^-'^^^^^ = %:^p3g3T^/(^) = (496) 



_1 oo 

p — q 



h{p,q) ^.^Q 
z{p~^ — q) p^ 



From the derivative Leibniz rule 



d;Uf{z)g{z)) = {dZ,m) ^t^9i^) (497) 



pl" 

one deduces ^{x,y) = x'^^'^^y" and ^{x,y) = y'^x^~^. Hence, f l405p -f HU7|l yield 

(ai + /3i)r = 0, (a2 + /32)r = 0, (ai + ^i)r = 0, (aa + ,92)r = 0. (500) 
Equations flM) - fHTT]) are of course satisfied and fHTH]) - fHT^ give 

^ _ p-[/3iM+ai(M-l)]^/32(i'-l)+a2i^ and ^ = p~["i/^+/^i(/^~l)]g'^2(!^-l)+/32i' (501) 

Prom equations fl412p - fl415l) we deduce 

Si = p"i(M-l)g-a2i^^ 3^ ^ p/3i(M-l)g-/32!^ (^502) 

CKi = -tti^^^ — ^, "2 = -"2—^, h = -Pi- — h = -/32— ^ (503) 

yU U — 1 jjL U — 1 
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so that 



Setting 



a = a-\ j3 = /3-\ 7 = 1. (504) 



we get 



° = ^"""^ ''/5 = ^^I(^' ^^^^ ai,a2,/3i,/3i e M, (505) 

^(^aiTV^ ^a27V) ^ ^Af^ f (p'^i^, g-^A') = k"^, (506) 

^(/^^, g^^^) = ^(/^^, g^^^) = (507) 

The remaining conditions are (ai + /3i)r = and {02 + /32)t = which hold if 
r = or /?! = — «! and = — tt2- 

Suppose r = 0. Then a = a = /3 = /3 = l. Then, the coproduct, the counit, 
the antipode are defined as follows: 

A{A) = A ® fi:^ + ® A, (508) 

A(At) = A^^K^ + K-p"" ® A\ (509) 

^{N) = N®1 + 1®N, (510) 

A(1) = 1®1, (511) 

e(A) = 0, e(At) = 0, e(iV) = 0, e(l) = 1, (512) 
S(A) = -Kl^A, S(yl^) = -KjM^ S(Ar) = -N, S(l) = 1. (513) 

Suppose now r 7^ that means /3i = — ai and (32 = —02- So, 

Thus, the coproduct, the counit, the antipode are defined as follows: 

A{A) =A^ + K-^-^ ® A, (514) 

A(At) = At ® + ® At, (515) 

A(iV) = A^®l + l®A^ + rl®l, (516) 

A(1) = 1®1, (517) 

e(A)=0, e(At) = 0, e(iV) = -r, e(l) = 1, (518) 
S{A) = -K^^A, S(At) = -fi:„At, S(A^) = -iV - 2rl, S(l) = 1. (519) 
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6 1Z{p, Q')-deformed Rogers-Szego polynomials: as- 
sociated quantum algebras, deformed Hermite 
polynomials and relevant properties 



This section addresses a new characterization of 7^(p, g)— deformed Rogers- 
Szego polynomials by providing their three-term recursion relation and the asso- 
ciated quantum algebra built with corresponding creation and annihilation opera- 
tors. The whole construction is performed in a unified way, generalizing all known 
relevant results which are straightforwardly derived as particular cases. Continu- 
ous 7^(p, g)— deformed Hermite polynomials and their recursion relation are also 
deduced. Novel relations are provided and discussed. 

The present investigation aims at giving a new realization of the previous gener- 
alized deformed quantum algebras and an explicit definition of the 7l{p, g)— Rogers- 
Szego polynomials, together with their three-term recursion relation and the de- 
formed difference equation giving rise to the creation and annihilation operators. 

6.1 'R'ip, g)-Rogers-Szeg6 polynomials and related quantum 
algebras 

This section aims at providing realizations of (7?., p, g)— deformed quantum al- 
gebras induced by (7^, p, g)— Rogers-Szego polynomials. We first define the latter 
and their three-term recursion relation, and then following the procedure elabo- 
rated in [101 [58] , we prove that every sequence of these polynomials forms a basis 
for the corresponding deformed quantum algebra. 

Indeed, Galetti in [10], upon recalling the technique of construction of rais- 
ing and lowering operators which satisfy an algebra akin to the usual harmonic 
oscillator algebra, by using the three-term recursion relation and the differentia- 
tion expression of Hermite polynomials, has shown that a similar procedure can 
be carried out to construct a g-deformed harmonic oscillator algebra, with the 
help of relations controlling the Rogers-Szego polynomials. Following this au- 
thor, Jagannathan and Sridhar in [SS] adapted the same approach to construct a 
Bargman-Fock realization of the harmonic oscillator as well as realizations of g- 
and {p, g)- deformed harmonic oscillators based on Rogers-Szego polynomials. 

As matter of clarity, this section is stratified as follows. We first develop the 
synoptic schemes of known different generalizations and then display the formalism 
of 7l{p, g)-Rogers-Szego polynomials. 
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6.1.1 Hermite polynomials and harmonic oscillator approach 

The Hermite polynomials are defined as orthogonal polynomials satisfying the 
three-term recursion relation 

H„+i(2) = 2zmn{z) - 2nH„_i(2) (520) 



and the differentiation relation 

d 



^^H„(^) = 2nmn-i{z). (521) 
Inserting Eq. (15211) in Eq. (I520p . one gets 

H„+i(^) = (2z - Mniz) (522) 

which includes the introduction of a raising operator (see [IQ] and references 
therein), defined as 

d+ = 2z--^ (523) 

dz 

such that the set of Hermite polynomials can be generated by the application of 
this operator to the first polynomial ]HIo(z) = 1, i.e., 

M^{z) = a!^eo(z). (524) 

From Eq. fl52ip . one defines the lowering operator a_ as 

d.m^iz) = l-^M^{z) = nH„„i(2). (525) 
2 dz 

Furthermore one constructs a number operator in the form 

n = a+a_. (526) 

One can readily check that these operators satisfy the canonical commutation 
relations 

[a_, a+] = 1, [h, d_] = — a_, [n, a+] = a+, (527) 

although the operators a_ and a+ are not the usual creation and annihilation 
operators associated with the quantum mechanics harmonic oscillator. Thus, we 
see that one can obtain raising, lowering and number operators from the two basic 
relations satisfied by the Hermite polynomials, i. e. the three-term recursion 
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relation and the differentiation relation, respectively, so that they satisfy the well 
known commutation relations. 

On the other hand, if one considers the usual Hilbert space spanned by the vec- 
tors |n), generated from the vacuum |0) by the raising operator a_|_, then together 
with the lowering operator a_, the following relations hold 

d_a+ — a+a+ = 1, 
(0|0) = 1, 
\n) = dl\0), 

a_|0) = 0. (528) 

In particular, the next expressions, established using the previous equations, are 
in order: 

a+|n) = |n + 1), 
a_|n) = |n — 1), 

(m|n) = n\6mn- (529) 

Now, on the other hand, examining the procedure given in [58], the authors 
considered the sequence of polynomials 

V'n(^) = -^Kiz), (530) 

where 



obeying the relations 



^^ (531) 



^ Ipniz) = y/nipn-liz), (532) 



dz 



{l + z)Mz) = Vr5n^„+i(2;), (533) 
{l + z)-^Mz) = n^n{z), (534) 

^ ((1 + ;2)V^„(^)) = (n + l)V^„(z). (535) 

Here equations fl533p and fl534p are the recursion relation and the differential equa- 
tion for polynomials '?/^„,(2;), respectively. By analogy to the work done by Galleti, 
Jagannathan and Sridhar proposed the following relations: 

a+ = (l-F2;), a_ = h={l + z)^, (536) 

for creation (or raising), annihilation (or lowering) and number operators, re- 
spectively, and found that the set {ipniz) \n = 0, 1,2, ■ ■ ■} forms a basis for the 
Bargman-Fock realization of the harmonic oscillator (152 7p . 
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6.1.2 Rogers-Szego polynomials and g-deformed harmonic oscillator 

Here in analogous way as Jagannathan and Sridhar [58], we perform a con- 
struction of the creation, annihilation and number operators from the three-term 
recurrence relation and the g— difference equation founding the Rogers-Szego poly- 
nomials. This procedure a little differs from that used by Galetti [10] to obtain 
raising, lowering and number operators. 
The Rogers-Szego polynomials are defined as 



Hn{z; q) = Y1 



k=0 



n 
k 



n = 0, 1,2--- 



and satisfy a three-term recursion relation 

Hn+i{z] g) = (1 + z)Hn{z] q) - z{l - q'')Hn-i{z; q) 
as well as the g-difference equation 

dqHn{z;q) = [n]gHn-i{z; q) . 



(537) 



(538) 



(539) 



In the limit case g — t- 1, the Rogers-Szego polynomial of degree n (n = 0, 1, 2, ■ ■ ■) 
well converges to 



h„(.) -til)^' 



as required. Defining 

1 1 " 

one can straightforwardly infer that 



n 
k 



n = 0,1,2 ■ 



(540) 



dqipn{z]q) = Y^H^?/'„_i(2;;g) 
with the property that for = 0, 1, 2, ■ ■ ■ 



dq~^^ipn{z] g) = and d^ipniz] g) 7^ for any m<n + l. 



(541) 



(542) 



It follows from Eqs. 



and (15401) that the polynomials {ipn^z^q) \ n 



0, 1, 2, ■ ■ ■} satisfy the following three-term recursion relation 



\l[n + l]g^„+i(2; g) = (1 + z)ipn{z] q) - z{l - g)y'^^n_i(2; g) (543) 
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and the g— difference equation 



((1 + z)-{l- q)z dg) %l)n{z\ q) = \l[n+ l]q^n+i{z\ q) 



(544) 



obtained from Eq. fl54ip . Hence, it is natural to formally define the number operator 
TV as 

Ni)n{z; q) = nipn{z; q) (545) 
determined for the creation and annihilation operators expressed as 

= 1 + z- {1- q)zdg and A = dg (546) 
respectively. Indeed, the proofs of the following relations are immediate: 

Ni)n{z]q) = ni)n{z]q), (547) 
A^n{z-q) = ^[n+l]giJn+,{z;q), (548) 

AilJn{z;q) = ^J\n[g'^|Jn^l{z■,q), (549) 

A^AiPr,iz;q) = [n]giPniz; q) = [N]gijn{z; q), (550) 
AA^^n{z;q) = [n + l]g^n{z;q) = [N + l]g^n{z;q). (551) 

Therefore, one concludes that the set of polynomials {ipn{z;q) \n = 0,1,2,---} 
provides a basis for a realization of the g-deformed harmonic oscillator algebra 
given by 



AA^ -qA^A = 1, 



[N, A] 



-A, 



[N, A^ = A^ 



(552) 



6.1.3 7?.(p, g)— generalized Rogers-Szego polynomials and quantum al- 
gebras 

We can now supply the general procedure for constructing the recursion rela- 
tion for the 7?.(p, g)— Rogers-Szego polynomials and the related 7^(p, g)-difference 
equation that allow to define the creation, annihilation and number operators for 
a given (7^, p, g)— deformed quantum algebra. This is summarized as follows. 

Theorem 6.1 If(f)i{x,y) (i = 1,2,3) are functions satisfying: 

Mp,(1)^0 fort = 1,2,3, (553) 
cj)i{P, Q)z^ = (l)'y{p, q)z^ for z eC, k = 0,1,2,- ■■ i = 1,2 (554) 

and if, moreover, the following relation between TZ{p, q) — binomial coefficients holds 

n + 1 



k 



n 
k 



J 7^(p,g) 
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n 

k-1 



Tl{p,q) 



for 1 < k < n, then the TZ{p, q)—Rogers-Szegd polynomials defined as 



(555) 



k=0 



n 
k 



z\ n = 0,l,2 



(556) 



'R.{p,q) 



satisfy the three-term recursion relation 



Hn+i{z;TZ{p,q)) = if„ (0i(p,g)2; : 7^(p,g)) 

+z(f)2{P^ (l)Hn {z<p2^{p, q); 7^(p, q)) 

-zh{p, qmp\ q^Hn^i (z; n{p, q)) (557) 



and 7l{p, q) — difference equation 

dnip,g)Hr,{z- n{p, q)) = n{p^, q^Hn^iiz; 7^(p, q)). 



(558) 

Proof: Multiplying the two sides of the relation fl555p by z^ and adding for /c = 1 

to n we get 



k=l 



n + 1 
k 



J n(p,q) 



n 
k 



k=l 
n 

=1 

ip,qmp\qnJ2 



k=l 



J 1lip,q) 

n 
k-1 



k=l 



J 7^(p,g) 

n — 1 
k-1 



zK (559) 



'R.{p,q) 



After a short computation and using the condition 05551) we get Eg. (15571) . Then 
there immediately results the proof of Eq. 05581) . □ 
Setting 



ipn{z]n{p,q)) 



-.Hn{z]'R.{p,q)), 



(560) 



/7^!(p",g" 

and using the equations 05571) and 0558p yield the three-term recursion relation 

{MP, Q) + #2 (P, qWiP, Q) - #3(p, q)dn{p,q)) ^n{z; 7^(p, g)) = 

.JlUr^\t^) ^„+l(^;7^(p,g)) (561) 



and 7^(p, g)— difference equation 

dTZ(p,q)iJniz;n{p,q)) = y^n{jf\q^ V'n-i(2; '^^(p, g)) 



(562) 
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for the polynomials ipn{z', q)) with the virtue that for n = 0, 1, 2, • • • 

7^(p, q)) = and d^^^^^^^M^; n{p, q)) ^ for m < n + 1. (563) 
Now, formally defining the number operator as 

NtPniz; n{p, q)) = n^Prriz; n{p, g)), (564) 
and the raising and lowering operators by 

= {MP, Q) + z<p2iP, qW{P, Q) - ^Mp, Q)dnip,g)) and 
A = dn{p,q), (565) 

respectively, the set of polynomials {%IJn{z]TZ,p,q) \ n = 0,1,2,---} provides a 
basis for a realization of 7l{p, g)— deformed quantum algebra ^7^(p,g) satisfying the 
commutation relations fl369p . Provided the above formulated theorem, we can now 
show how the realizations in terms of Rogers-Szego polynomials can be derived for 
different known deformations simply by determining the functions 0j [i = 1, 2, 3) 
that satisfy the relations (15531) - fl555p . 

6.2 Continuous 'TZ{p,q)— Hermit e polynomials 

We exploit here the peculiar relation established in the theory of g— deformation 
between Rogers-Szego polynomials and Hermite polynomials [551 EH US IZl] and 
given by 

e'("-2^')^n = 0,1,2, (566) 

where H„ and if„ stand for the Hermite and Rogers-Szego polynomials, respec- 
tively. Is also of interest the property that all the g— Hermite polynomials can 
be explicitly recovered from the initial one M.o{cos6; q) = 1, using the three-term 
recurrence relation 

H„+i(cos^;g) = 2 cosOT„(cos^; g) - (1 - g")e,,_i(cos^; g) (567) 

with e_i(cos^;g) = 0. 

In the same way we define the 7l{p, g)-Hermite polynomials through the TZ{p, g)- 
Rogers-Szego polynomials as 

H„(cos 6; n{p, g)) = e*" 'H^{e-^' n{p, g)), n = 0, 1, 2, ■ ■ • . (568) 

Then the next statement is true. 



e„,(cos 9; q) = e'" ^Hn{e-^' ^'^Q) = Y1 



93 



Proposition 6.2 Under the hypotheses of the theorem \6 . 1\ the continuous TZ{p, q)- 
Hermite polynomials satisfy the following three-term recursion relation 

n 

H„+l(cos0;7^(p,g)) = (p, g)0i(P, g)e„(cos^; 7^(p, g)) 

n 

+e-' 'fl (p, g)02"'(^, g)H„(cos e- n{p, q)) 
-Mp, g")H„_i(cos 6; n{p, q)). (569) 

Proof: Multiplying the two sides of the three-term recursion relation (15571) by 

^i{n+i)e ^ we obtain, for z = e~^*^, 

e^("+l)^i7„+l(e-2^^;7^(p,g)) = e^('^+i)^i7„ (0i(p, g)e-2^^ 7^(p, g)) 

+ e^("-^)V^(p, q)Hn Q)e-'''; n{p, q)) 

- e^("-i)V3(p, g)7^(p^ g")i^n-i {e-'''; n{p, q)) 

= e*V"Vi(^,Q)^n(e-'^';^(p,g)) 

+ e-^V2 (P, g)e^"V2"'(^, Q)Hn {e-'''; n{p, q)) 

- Up, qWp", qne'^''-'^'H^^, {e-'^'- n{p, q)) . 

The required result follows from the use of the equalities 

e^^'MP,Q)H^ (e-2^^7^(p,g)) = fl{p,q)<P,{P,Q)e'-'H^ (e'^^^ 7^(p, g)) , (570) 

e^'''<P^\P, Q)H^ 7^(p, q)) = 0~^(P, Q)4>^\P, Q)e'-'H^ (e'^^^; 7^(p, g)) 

(571) 

with 

<P,{P, Q)e-'''' = <P^{p, q)e-'''', j = 1, 2, = 0, 1, 2, ■ ■ • . (572) 

□ 



6.3 Relevant particular cases 

The following pertinent cases deserve to be raised, as their derivation from the 
previous general theory appeals concrete expressions for the deformed function 
TZ{p,q). 

6.3.1 7^(x,y) = |Ef 

In this case, the TZ{p, g)— factors are simply given by 

[r^U = 7^(p^g") = ^-^, n = 0, 1, 2, ■■• 

p — q 
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with the 7?.(p, g)— factorials defined by 

1 for n = 



nn 



(573) 



fc=l 



p — q {p — g)" 



They correspond to the Jagannathan-Srinivasa (p, g)-numbers and (p, g)-factorials 

[571 Eg. 

There result the following relevant properties. 
Proposition 6.3 If n and m are nonnegative integers, then 

n-l 

\n] 



k=0 



-m 



n 



Proposition 6.4 The {p,q) — binomial coefficients 



n 
k 



(574) 



(575) 



p,g Wp,gh-^]'p,g {{P^(l);{p^(l))k{{p,q);{p,q))n-k' 

where < k < n, n E N, and {{p, q); {p, q))m = {p — q){p'^ ~ q^) ' ' ' ip^ ~ q^), 
m e N, satisfy the following identities: 



n 
k 

n + l 
k 

n + l 
k 



-I p,g 



n 

n — k 



P 



k{n—k) 



P 



P 



n 
k 

n 
k 



+ q 



n+l-k 



p,q 



+ p 



n+l-k 



p,q 



n 
k 

n 
k-1 

n 

k-1 



P- 



k(n—k) 



q/p 



n 

n — k 



q/p 



(576) 



(577) 



p,q 



-I P.9 



{p- - g") 



n — 1 
k-1 



(578) 



p,q 



with 



n 
k 



{q/p; q/p)n 



g/p {Q/p;Q/p)k{q/p;q/p)n-k 

where {q/p',q/p)n = (1 — q/p){^ — q^/p^) ~ q^/p^) and the {p,q)— shifted 
factorial 

((a,t);(p,,))„ = {a-h)(ap-bq)---(af-'-hq'-^) 



E 

fc=0 



n 
k 



(^^l'^kp{n-k)(n-k~l)/2^k{k~l)/2^n-ki^k^ (579) 



p,q 
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The algebra Ap^q, generated by {1, A, A^, A^}, associated with {p,q)— Jana- 
gathan - Srinivasa deformation, satisfies the following commutation relations [5 



AA^ -pA^A = q^, 
[TV, At] = A\ 



AA^ - qA^A -- 
[TV, A] = -A. 



V 



(580) 



The (p, g)-Rogers-Szego polynomials studied in [5B] appear as a particular case 
obtained by choosing y) = (f)2{x,y) = 4>{x,y) = x and (f)3{x,y) = x — y. 
Indeed, 

4>{Py Q') = P 7^ 0, (psip, q) = p — q 7^ 0, 4>{P, Q)z'' = (f)i{p, q)z^ and Eg. fl578p shows 
that 



n + 1 
k 



p 



n 
k 



+ p 



n+l-k 



n 
k-1 



n — 1 
k-1 



Hence, the hypotheses of the above theorem are satisfied and, therefore, the (p, q)- 
Rogers-Szego polynomials 



Hn{z;p,q) = 



k=0 



n 
k 



n = 0,1,2, 



(581) 



satisfy the three-term recursion relation 

Hn+i{z]p,q) = Hn{pz]p,q) + zp^Hn{p~^Z]p,q) 
-z{p''-q^)Hn-i{z;p,q) 

and (p, g)— difference equation 

dp,qHn{z;p,q) = [n]p^qHn-i{z;p,q). 
Finally, the set of polynomials 

1 



^n{z;p,q) 



--Hn{z;p,q), n = 0,l,2. 



(582) 



(583) 



(584) 



forms a basis for a realization of the (p, g)— deformed harmonic oscillator and 
quantum algebra Ap^q satisfying the commutation relations fl580p with the number 
operator defined as 



N'4)n{z;p,q) = nipn{z;p,q), 
relating the annihilation and creation operators given by 

A = dp^q and A^ = P + zp^ - z{p - q)dp^q 



(585) 



(586) 
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respectively. Naturally, setting p = 1 one recovers the results of the subsec- 
tion [6X2 

The continuous (p, g)— Hermite polynomials have been already suggested in 
[57] without any further details. In the above achieved generalization, these poly- 
nomials are given by 



M.n{cos 6; p,q) 



E 

k=0 



n 
k 



An-2k)e ^ = o,l,2,---. 



(587) 



Since for the (p, g)— deformation y) = (f)2{x,y) = x and (p^i^x.y) = x — y, 
from the Proposition 16.21 we deduce that the corresponding sequence of continuous 
(p, g)— polynomials satisfies the three-term recursion relation 

H„+i(cos^;p,g) = {e'' P + e''' p-')M,,{cose;p, q) 

-{p^-q^)Mn-iicose;p,q), (588) 

with Pe*^ = p~^/^e*^. This relation turns to be the well-known three-term recursion 
relation fl567p for continuous g— Hermite polynomials in the limit p — )■ 1. As 
matter of illustration, let us explicitly compute the first three polynomials using 
the relation (15881) . with EI_i(cos^;p, g) = and EIo(cos 6^; g) = 1: 



E[i(cos6';p, g) 



'E.2{cos6;p, q) 



p\e'P + e^''P^^)l - (/ - g°)0 = e'' + e 



ie 



2cos^ 



1 




pHe''P + e^''P^'){e'' + e 



ie ; 



2i6 



2 




-216* 



(p- g)l 



p + g = 2 cos 29 + p + q 



p,<i 



2 
2 



-ie 



P,Q 



Us{cos e- p, g) = p(e^^P + e'^^p-^) (e^^^ + e'^^^ + p + q) 



^3ie 



+ e-''' + {p'+pq + q'){e'' + e-'') 



2 cos 36^ + 2{p^ +pq + q^) cos 9 



3 




p,q 



3 
1 



6"" + 



P,<1 



3 
2 



p,q 



3 
3 



P,5 



6.3.2 7^(x,y)=(^ 

The 7^(p, g)-factors and 7^(p, g)— factorials are reduced to (p~^, g)-numbers and 
(p~^, g)-factorials, namely. 



p n _ 



p- 
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and 



1 for n = 

"""(/-y^")!'"^^" for n>l, 



(589) 



respectively, which exactly reproduce the (p, g)-numbers and (p, g)— factorials in- 
troduced by Chakrabarty and Jagannathan |24j . 

The other properties can be recovered similarly to those of sect ion IB . 3 . 1 1 replac- 
ing the parameter phy p~^. 

The 7^(p, g)— derivative is also reduced to g)— derivative. Indeed, 



n{p,q) 



a, 



p-q 1-PQ 
P - Q {p-^ - q)P 



(590) 



obtained by a simple replacement of the dilatation operator P by P^^. 

The algebra Ap-i^q, generated by {1, A, A\ N}, associated with {p,q) — 
Chakrabarty and Jagannathan deformation satisfies the following commutation 
relations: 



AA^-p~^A^A = q 
[N, A^] = A^ 



N 



A A'' - qA^A = p~ 
[iV, A] = -A 



■N 



Hence, the (p ^, g)— Rogers- Szego polynomials 



Hn{z;p \g) = ^ 



fc=0 



n 
k 



n = 0,l,2. 



(591) 



(592) 



P~,Q 



obey the three-term recursion relation 

Hn+i{z;p~^,q) = Hn{p^^z;p^^,q) + zp~''Hn{pz;p~\q) 

-z{p-''-q-)H^.,{z-p-\q) 

and (p~^, g)— difference equation 

dp-i^gHn{z;p,q) = [n]p-i^gHn-iiz;p, q). 
Finally, the set of polynomials 

1 



i^n{z;p \q) 



--Hn{z]p \g), n = 0, 1,2, 



(593) 



(594) 



(595) 



p ,1 
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forms a basis for a realization of the g)— deformed harmonic oscillator and 
quantum algebra Ap-i^q generating the commutation relations (1591 p with the num- 
ber operator formally defined as 

Nipniz;p~^,q) = nilJn{z;p~^,q), (596) 

and the annihilation and creation operators given by 

A = dp-i^g and = + zp~^ P - z{p-^ - q)dp-i^g, (597) 

respectively. Naturally, setting p = 1 permits to recover the results of the subsec- 
tion [6X2l 

6.3.3 7^(x,y)=(^ 

In this case, the 7l{p, g)— factors and 7l{p, g)— factorials are reduced to 



and 



[ 1 for n = 

[^]'g^ = | ^^-^^^f^^^ for n>l, ^'9^) 

introduced in our previous work [53], generalizing the g— Quesne algebra [95] . 
Then follow some remarkable properties: 

Proposition 6.5 If n and m are nonnegative integers, then 

[-m]l, = (599) 
[n + mg^ = 9-"^M?,+p"Hg, = p'"Mg, + g-"[m]Q^, (600) 

[n-mg^ = g'"[n]g,-p'^-'"g'"[m]«^=p-'"[n]g,+p-'"g'---[mg^, (601) 

1 



- I]?,, - pq~'[n - 2]J,. (602) 



Proof: Eqs. (15991) and (16001) are immediate by the application of the relations 

p—m qin _ p-mqm^pin g"™-) and g-n-m _ q-m^pti g~") -|- p"(p™ 

g"™) = p"^(^p"' — g~") + q-n^pva _ g"'")^ respcctlvcly, while Eq. (l60ip results from 
the combination of Eqs. (15990 and (I600p . Finally, the relation 

n_ -n q_p~lpn_ -n g _ p~l 

[n]p,g-i = — = — — = ziW^g) ^ = 1)2,--- 603 

p _ q 1 p — q I q ^ p i /'.y 
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cumulatively taken with the identity 

Wp,9-i = [2]p,g-i [n - - pq~^ [n - 2]p,g-i 

gives Eg. (16021). 

Proposition 6.6 The {p,q) — Quesne binomial coefficients 

" n 1^ ^ (p,g~^))n 

where < k < n; n G N, satisfy the following properties 





Q 




Q 


n 




n 




k 




n — k 










PA 



p 



k{n—k) 



n 
k 



p 



k{n—k) 



1/qp 



n 

n — k 



1/qp 



□ 



(604) 



(605) 



n + 1 
k 



P 



p,<i 



n 
k 



+ q 



~n-l+k 



p,q 



n 
k-1 



P,Q 



(606) 



n + 1 
k 



P 



p,<i 



n 
k 



+ p 
p,q 

-(p"-g- 



n+l-k 



n 

k-1 

n — 1 
k-1 



p,q 



-I P.9 



Proof: It is straightforward, using the Proposition 16.31 and 



n 


Q 


n 




k 




k 






PA 




PA 



(607) 



(608) 



□ 



Finally, the algebra A'^q, generated by {1, A, A\ N}, associated with {p,q) — 
Quesne deformation satisfies the following commutation relations: 



p-^A A^ - A^A = q-^-\ 
[N, At] = A\ 



qA A^ - A^A = 
[iV, A] = -A 



(609) 



The (p, g)— Rogers-Szego polynomials corresponding to the Quesne deforma- 
tion [53] are deduced from our generalization by choosing (f)i{x,y) = (f)2{x,y) = 
(j){x,y) = X and (j)^{x,y) = y — x~^. Indeed, it is worthy of attention that we get 
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in this case (t>{p,q) = p 0, (pziPil) = 1 ~ P ""^ 7^ 0, (j){P,Q)z^ = (j)\{j>,q)z^ and 
from Eg. (16071) 



' n + 1 " 
k 


Q 




Q 




= p'^ 


n 
k 


_|_ pTi+l-k 


n 
k-l 













n — 1 
k - 1 



-I p,q 



Hence, the hypotheses of the theorem are satisfied and, therefore, the {p,q)- 
Rogers - Szego polynomials 



H^{z-p,q) = J2 



k=0 



n 
k 



z\ n = 0,1,2,- •• 



(610) 



-I P,Q 



satisfy the three-term recursion relation 

Hn+i{z;p,q) =H^{pz;p,q) 



zp^'H^ip h;p,q) 

z{p^ -q--)H^_,{z-p,q) 



and the (p, g)— difference equation 

d%H^{z-p,q) = 
Thus, the set of polynomials 

1 



-.HSiz-p,q), n = 0,l,2,--- 



(611) 



(612) 



(613) 



forms a basis for a realization of the {p, q)— Quesne deformed harmonic oscillator 
and quantum algebra A^^ engendering the commutation relations fl609p with the 
number operator formally defined as 



Nij^{z;p,q) =ni)'^{z]p,q), 
and the annihilation and creation operators given by 

A = ajg and = P + zp^ P-^ - z{q - p-^)dp,. 



(614) 



(615) 



respectively. Naturally, setting p = 1 gives the Rogers-Szego polynomials associ- 
ated with the g— Quesne deformation [95]. 

The continuous (p, g)— Hermite polynomials corresponding to the {p,q)— gen- 
eralization of Quesne deformation [53] can be defined as follows: 



M^(cos^;p,g) = e'^'H^{e-'^';p,q) 
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Q 

gi(n-2fc)e^ n = 0,l,2,---. (616) 

Since for the {p, g)-generalization of Quesne deformation [53] 0i(x, y) = (t>2{x, y) = 
X and 03(a;, y) = y — x~^, from the Proposition 16.21 we deduce that the correspond- 
ing sequence of continuous (p, g)— Hermite polynomials satisfies the three-term 
recurrence relation 

e^+i(cos^;p,g) = {e'^P + e-'^P'^)m^ {cos e;p,q) 

-(p"-g-")e^„i(cos^;j9,g). (617) 




6.3.4 7^(x, y) = h{p, q)y''/x^' 



xy — 1 

_{q-p~^)y. 



Here < < 1 , < g*^"^, p > 1 , /i is a well behaved real and non- negative 
function of deformation parameters p and q such that /i(p, g) — )■ 1 as (p, q) — )■ (1, 1). 

The 7^(p, g)— factors become (p, g; z/, /i)-numbers introduced in our previous 
work [52] and defined by 



\n 



p,q,h 



h{p, q) 



pf^"- q — p 



(618) 



Proposition 6.7 The {p, q; /j,, u, h) — numbers verify the following properties, for 
m,n E N; 

[-^fplh = - p-2nm+m Hp,';,/.. (619) 



[n + m]>;i^ = — -_[n];;;^ + -^[m];;;, 

„um „un—n 



.'^Ip.'^h + Hplh , (620) 



„—vm+m „v{n—2m)+m 

1 M'^''' 1 TrnF''' 

p-fim L Jp,g,/i pfi{n~2m.)-n+m L Jp,g,/i 

g—vm gi/{n—2m)—n+Tn 

(621) 



q — p q 



^2u~l 



p — q ^ p ^ h{p, g) 



P^ 



(622) 
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Proof: It is direct using the Proposition 16.51 and the fact that 



\n 



p,q,h 



p 



,fm L JP,<7' 



Proposition 6.8 The {p,q, ^,v,h)— binomial coefficients 



n 
k 



q 



vk(n—k) 



where < k < n; n G N, satisfy the following properties 



n 
k 



p,q 



n 


IJ,,U 


n 




k 


p,q,h 


n — k 


p,q,h 



(623) 
□ 

(624) 



(625) 



n + 1 
k 



p,q,h 



q- 



uk 



(M-l)fc 



p 



n 
k 



p,q,h 



{u~l){n+l~k) 



,/i(n+l— fc) 



P 



n 
k-1 



p,q,h 



(626) 



n + 1 
k 



p,q,h 



uk 



P 



,(^l-l)k 



n 
k 



- fJ,,U 



+ 



!^(n+l"fc) 



p,q,h 



n — 1 

k-1 



n 
k-1 



p,q,h 



p,q,h 



(627) 



Proof: There follow from the Proposition 16.61 and the fact that 

„n(n+l)/2 

[n]ZqA = h''{p,gf-;^^ (628) 



where use of Eq. fl623p has been made. □ 
The algebra Ap'^i^, generated by {1, A, A'^ , N}, associated with {p,q, fi,h',h)- 
deformation, satisfies the following commutation relations: 

p-^A A^ - —A^A = h(p,q) ' ^ 



p 



qA A^ - ^A^A = h{p, q) 
[iV, At] = A\ 



p 



N+l 



[iV, A] = -A 



(629) 



The (p, g, /i, z/, /;,)-Rogers-Szego [52] polynomials are deduced from the above 
general construction by setting (l)i{x, y) = x^~^y^ , 4>2{x, y) = x~^y'^~^ and 03 (x, y) = 
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y-x 



^^^^^y Indeed, g) 7^ for i = 1, 2, 3; 0i(P, Q)z^ = (j)i{p, qfz^ for i = 1, 2 and 
the property (162 7p furnishes 



n + 1 
k 



uk 



P 



n 
k 



(1,1/ 



+ 



v(n+l-fc) 



P 



J p,q,h 



(/i-l){n+l-fe) 



n 
k-l 



n — 1 
k-l 



p,q,h 



p,q,h 



Therefore, the (p, q, /i, u, /i)-Rogers-Szego polynomials are defined as follows: 



k=0 



n 
k 



2% n = 0,1,2- ■• 



(630) 



J p,q,h 



with the three-term recursion relation 



{u-l)n 



q 



"^^(^'" "^ '')Hn-i{z;p,q,fi,iy,h) (631) 



and (p, g, yU, z/, /i)— difference equation 

9p'q,hHn{z; p, g, /i, ly, h) = [n]'^2hHn-i{z; p, g, /x, i^, /i). 
Hence, the set of polynomials 

1 



ijjn{z;p,q,^, I/, h) 



-.Hn{z;p,q,n,iy,h), n = 0,1,2, 



(632) 



(633) 



forms a basis for a realization of the {p, q, fi, v, /i)— deformed algebra Ap^q^ij,^y^h sat- 
isfying the commutation relations (I629P with the number operator N formally 
defined as 

Nip'^{z;p,q,n,v,h) = nipn{z;p,q, n,p,h), (634) 
together with the annihilation and the creation operators given by 



A = d-l, and At = -|1 



+ z 



Q 



u-l 



h{p, q) 



p,q,h^ 



(635) 



respectively. 
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The continuous {p, q, /i, z/, /i)— Hermite polynomials [52] can be now deduced as: 



H„(cos^;p,g,/i,z^,/i) = e'"^i/„(e '^"'■,p,q, fi,iy,h) 



-2ie. 



n r -1 riM 

n 



fc=0 



n = 0,1,2, 



(636) 



p,q,h 



Since for the (p, g, /i, z^, /i)— deformation (f)i{x,y) = x ^^y", (f)2{x,y) = x~^y 
and (f)3{x,y) = ^^p^^ , from the Proposition 16.21 the corresponding sequence of 
continuous (p, g, z/, /i)— Hermite polynomials satisfies the three-term recursion 
relation 



Mn+i{cos 9; p,q,fi, z/, h) 



q'^f 



]HI„(cos6';p, z/, h) 



p-fj. 



M.n{cos 6; p,q,fi, u, h) 



-(P" - q'l^ e„_i(cos^;p,g,/i,z/,/i). (637) 



7 Concluding remark 

We have first deformed the Heisenberg algebra with the set of parameters 
{g, /, A} to generate a new family of generalized coherent states respecting the 
Klauder criteria. In this framework, the matrix elements of relevant operators 
have been exactly computed and investigated from functional analysis point of 
view. Then, relevant statistical properties have been examined. Besides, a proof 
on the sub-Poissonian character of the statistics of the main deformed states has 
been provided. This property has been finally used to determine the induced 
generalized metric, characterizing the geometry of the considered system. 

Next, a unified method of defining structure functions from commutation re- 
lations of deformed single-mode oscillator algebras has been presented. A natural 
approach to building coherent states associated to deformed algebras has been 
then deduced. Known deformed algebras have been given as illustration and such 
mathematical properties as continuity in the label, normalizability and resolution 
of the identity of their corresponding coherent states have been discussed. 

Besides, we have generalized a class of two - parameter deformed Heisenberg 
algebras related to meromorphic functions. There have been probed relevant fam- 
ilies of coherent states maps and their corresponding hypergeometric series. The 
latter constitutes a generalization of known hypergemotric series. Moreover, a 
TZ{p, g)-binomial theorem, generalizing the [p, g)-binomial theorem given in [57] 
has been deduced. We have also defined the TZ{p, g)-trigonometric, hyperbolic and 
{p, g)-Bessel functions, including their main relevant properties. 
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Then, we have provided a new noncommutative algebra related to the TZ{p, q)- 
deformation and shown that the notions of differentiation and integration can 
be extended to it, thus generalizing well known q or/and (p, g)-differential and 
integration calcuh [221 |3T1 [71] . Besides, we have performed a general procedure of 
constructing the Hopf algebra structure compatible with the 7l{p, g)-algebra. As 
illustration, relevant examples have been given. 

Finally, we have defined and discussed a general formalism for constructing 
7l{p,q)— deformed Rogers-Szego polynomials. The displayed approach not only 
provides novel relations, but also generalizes well known standard and deformed 
Rogers-Szego polynomials. A full characterization of the latter, including the data 
on the three-term recursion relations and difference equation, has been provided. 
We have succeeded in elaborating a new realization of 7l{p, g)— deformed quantum 
algebra generalizing the construction of g— deformed harmonic oscillator creation 
and annihilation operators performed in |l0l|58]. The continuous TZ{p, g)— Hermite 
polynomials have been also investigated in detail and relevant particular cases and 
examples have been exhibited. 
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